Chapter 10

Ordinary Differential Equations

10.1 Introduction

Relationship between rate of change of variables rather than variable:
themselves gives rise to differential equations. Mathematical formulation of
most of the physical aneingineering problems leads to differential equations.
It is very important for engineers and scientists to know inception and solving
of differential equations. These are of two types:

1) Ordinary Differential Equations (ODE)
2) Partial Differential Equation@DE)

An ordinary differential equation (ODE) involves the derivatives of a
dependent variable w.r.t. a single independent variable whereas a partic
differential equation (PDE) contains the derivatives of a dependent variable
w.r.t. two or more independenariables. In this chapter we will confine our
studies to ainary differential equations.

Prelims:

U et® =cosf +i sinf

U cos@ = %(e"’ + e 9)

U sin@ = %(e"" —e i)

U cosh@ = %(e" +e 9

U sinh@ = %(e‘9 —e?

U If u andv are functions ofx andu vanishes after a finite number of
differentiations
[uvdx =uv, —uWv, + uPv; —uBv, + -

Hereu™is derivative ofu™=V andv, is integral of v,,_,

For example

[ x2.sinx dx = (x?)(—cos x) — (2x)(—sinx) + (2)(cos x)

=—x2cosx + 2xsinx + 2cosx
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Order and Degree of Ordinary Differential Equations (ODE)

A general ODE of n" order can be represented in the form
2 n

F (x y, Y 4y ,...,ﬂ):o Order of an ordinary differential equation is that of
dx’ dx2 dxn

the highest derivative occurring in it and the degree is the power of highes
derivative after it has been freed from all radical signs.

. . . d2y 3 d3y . .
The differential equatlc(r?j;+2y) +t sty = 0 is having order 3 and
degree 1.

Whereas(@+2)3+ﬁ+ = 0 is having order 3 and d 3
" y =Ty = g order 3a egree 3.

2 3
The differential equation/ % = 3 2/ +y is of order 3 and degree 2.
X

10.2 First Order Linear Differential Equations ( Lei bni t z06s
Equations)

A first order linear differential equation is of the fo%%w Py=0Q, é'e.

whereP andQ are functions ok alone or constants. To solve, multiplying
throughout bye/ ? 4 ( here e/ P 4 is known as Integrating Factor (IF)), we get

Z_yedex_i_ Pyedeszedex
x

= d(yedex) — Qedex
:yedex:erdexdx +C
Al gorithm to solve a first order I
Equation)
1. Write the given equation in standard form %yg.+ Py=20Q
2. Find the integrating factor (IF) =/ P 4x
3. Solution is given by. IF = [ Q .IFdx + C, Cis an arbitrary constant

Note: If the given equation is of the typ% + Px = Q,

then IF = e/ P %and the solution is given by IF = [ Q .IFdy + C

H . . d + .
Example 1Solve the differential equatiof: = Z=22=
dx 1+cosx

Solution: The given equation may be written as:
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d sinx X ;2
= = éé N

dx 1+cosx 1+cosx

This is a linear differential equation of the fo%cw Py =Q

sinx X

dQ =

+cosx 1+cosx

Where P = — -

sinx

IF = edex = ef_ 1+cosx dx = elog|1+cosx| =14+ cosx
C 31 1 O®asigiven by&E

X

y.(1+cosx) =] (14 cosx)dx+C

1+cosx
t y(1+cosx):§ +C

Example 2Solve the differential equatio% =1+x)+1-y)
Solution: The given equation may be written as:

i y=2+x¢6¢é.0

This is a linear differential equation of the fo%+ Py =0Q
WhereP =1and Q =2 +x

IE = eJPdx = pfdx = px

C 31 1 O®Hasigiven by&E

y.e*=[(2+x)e* dx+C

bty =14+x +Ce™

Example 3Solve the differential equatior(x + y + 1) % =1

Solution: The given equation may be writkes

dx dx
d_y_x+y+1 } d—y—x—y+1881

This is a linear differential equation of the fo%w Px=20Q
WhereP =—-l1landQ =y +1

IF= elPdy = of-dy =~

C 311 OOESdgivenibyE

x.eV=[(y+1e? dy+C

t xeV=—(y+2)eV+C

t x=—(@+2)+Ce”
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Example 4Solve the differential equationxlog x % + y=2logx

Solution: The given equation may be written as:
d_y 1

dx xlog x

2 , -
y—;ee.'L

This is a linear differential equation of the fo%+ Py =Q

Where P = —— and Q =2
xlog x

x
IE = oJPdx = efmlgxdx = ¢log (1090 = |og x

C 31 1 OO Esigiven by&

y.logx :leogx dx +C

t ylogx = (logx)?+ C (Cis an arbitrary constant
sy

Vx
Solution: The given equation may be written as:

Example 5Solve the differential equatio% =

dy 1 e2Vx

i ﬁy ﬁeew

This is a linear differential equation of the fo%+ Py =Q

1 e2Vx
Where P = = and Q = =

IF = efPdx = ef\_/_;dx = e 2Vx

¢ 311 QOGsgivenbyi A
y. e 2Vx = f%e‘zﬁ dx +C

t y.e‘z\/}:f\%dx+C

toy. e~2Vx =2\ /x +C

by =2vx e?V¥+ Ce?Vx

10.3 EquationsReduci bl e to Lei bni
eké .

Differential equation of the forn% + Pf(y) =Qg9(y),

tz6s Equa
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where P and Q are functions ofx al one or constant,

equation. Dividing both sides &f byg(y), we get )dx 283 Q.
Nowputtlngf(y) t,k reduces to Le| bnitzds eql

Example 6 Solve the differential equation‘?—y +1=2¢¢n
dx x 2

X
Solution: The given equation may be written as:

7

_v d 1 _ 1,
yEpeV==¢évV
dx x x2

. d at ., .
Puttinge™ =t, —e ¥ 2= L ¢ én
dx dx
. . d 1 1 ;7
Using N in \JJ,Weget—t——tz——2 ee.l.
dx x x

Il is a linear differential equation of the foﬁiné + Pt=Q

1

Where P = —i and Q = ——=

1 _
IE = edex: ef—;dx:e—logxz elogx 121

X

C 311 ()I@ Hsigiven by/E
t.—=[—=.2dx+C

X X X
t t.l = L4 C

X 2x2

Substitutingt = e™

eV 1

t —=—+C

x 2x2
t 2x=eY(2cx? + 1)
Example 7Solve the differential equation:
tany%+ tanx = cosycos3x é é 1

Solution: The given equation may be written as:
tanyd_y+ tanx

= cos3x
cosy dx cosy

d Loz
= secy tanyd—3;+ secy tanx = cos3x é é v

: d at .
Puttingsecy = t, secy tanyd—z = d—; een

Using N in v, we get% + (tanx) t = cos3x € é ..
Il is a linear differential equation of the fo% + Pt=¢Q
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Where P = tanx and Q = cos3x

|[E = eJPdx = oftanxdx — ,loglsecx| — gacy

C 31 1 O Esigiven by&E
t.secx = [cos3x.secx dx+C

t tsecx =[cos?x dx+C

1+4+cos2x

dx + C

t tsecx =

sin 2x

+C

x
t t.secx:; +

Substitutingt = secy,

sin 2x

X
t secxsecy== + +C

e énN

Example 8 Solve the differential equatlon.dx xN_

Solution: The given equation may Weitten as:

dx _ x++xy
dy y

dx 1 X

ay vy y
Dividing throughout by/x
1 .,
= ﬁd_y_; X = Ee ev
. 1 dx at . .
Puttlng\/_ t, ?d_y_ d_y een
1 1

Using N in ¥, weget——gt Ve € é .l

Il is a linear differential equation of the fo% + Pt=Q

Where P = _ L and 0 = —
2y Q 2.y

—1 -1 log—
IF = edex: enydy:QTIOgyz e gx/;:i

Vy

C 31 1 O Esigiven by

1 1

— e +
t\/y fZ\/J_/\/_dx =

1 1

=== +
} t\/7 fzy dx + C
t t—1 :llo +C

Wy 2 gy
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Substitutingt = vx

\/%2 log\/;+C

Example 9 Solve the differential equatiom:% + y= y?logx.

Solution: The given equation may be written as:

2
LA logx
dx X x
Dividing throughout byy?
izd—y+ — = Zlogxé é W
y< dx xy X
Putting> = ¢, —izd—y— L eeén
y y< dx dx

. . dt 1 1 ;7
Using N in ¥, we geta—;t = —;logx eé.l.
Il is a linear differential equation of the fo% + Pt=Q

Where P = —i and Q = —ilogx

IF = efpdx: ef__;dx:e_l()gx = elogx_lzl
X

C 31 1 O Hsigiven by&A

t.% :f—ilogx.% dx +C

t t.% :f—xizlogx dx +C

Puttinglog x = u, %dx = du, alsox = e*

t t.%:—fue‘“ du+C
i ti—z-{u(—eﬂq-—1(eﬂ0]-+c
bt =eMu+1) +C
L1
>t—= x(logx+1) + C

Substitutingt = i

——

= ~(logx +1) +C

——

= (logx +1) + Cx, Cis an arbitrary constant

<P sl»—‘

Exercise 10A

é
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Solve thefollowing differential equations:

1. e Vsec’y dy = dx + xdy
Ans.(xeY = C + tany)
2. (x+1)%—2y = (x + 1)*

Ans.(y = (xz—z+x + c) (x + 1)?)

ay _ ey

3. o= Ans. y.e2V* =2/x+C
4. Z—J; = (X/—%i:zy_xy) Ans.x\/ry2 +cosy =C
5. (x+2y3)2—3;=y Ans.x = y3 +Cy
6. %cosx+ysinx=m Ans.2,/ysec x = tanx + 2C
7. %— xy + y3e™* =0 Ans.e* = y%(2x — C)
8. 3x(1 —x?)y? Z—z + (2x%? - 1Dy3 =x3

Ans.y3 = x + CxV1 — x2
Q. % + ycos x = y"sin 2x Ans. (y "t —1)esin* = ¢
10.% = e*¥ V(e*—eY) Ans.e? = Ce™® + e* —1

10.4 Exact Differential Equations of First Order

A differential equation of the formM (x, y)dx + N(x,y)dy = 0 is said to be

exact if it can be directly obtained from its primitive by differentiation.

Theorem: The necessary and sufficient condition for the equation
aN

M(x,y)dx + N(x,y)dy = 0 to be exact iSZ—A; =

Working rule to solve an exact differential equation

1. For the equatio (x,y)dx + N(x,y)dy = 0, check the condition for

. oM oON
exactness l.e— = —
ady ox

2. Solution of the given differential equation is given by
j M((taking y as constant) dx + f N (terms not containg x)dy = C

Example 10 Solve the differential equation:
(e¥ +1)cosxdx+ eYsinxdy=0. .1é
Solution: M = (e¥ + 1) cosx , N = eYsinx
Z—Z= e¥ cosx, g—:= e cosx
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Z—Ayl = Z—: ,C C Hliftehential equation is exact.
Solution of 1 is given by:

f(e” +1)cosx dx + [0dy=C
y constant

= (e? +1)sinx =C
Example 11 Solve the differential equation:
(secxtanx tany — e* )dx + (secx sec?y)dy =0. .1é

Solution: M = secxtanx tany — e*, N = secx sec’y

oM 2 oON 2
6_= secx tan x sec vy, 6_= secx tan x sec y
Yy X

T-%.C CEOAT AEAAAOAT OEAI ANOAOGEIT
Solution of 1 is given by:

[(secxtanx tany — e¥)dx + [0dy =C
y constant
= secxtany — e* =C

Example 12 Solve the differential equation:
[y (1 +i) + cosy] dx + [x +logx —xsiny]ldy =0. .1é

Solution: M =y (1+i>+cosy, N =x+logx —xsiny

oM 1 . ON 1\
ol (1+;)—smy,a—(1+x) siny
Z_"jz";_’;’,c’; CEOAT AEEZEAOAT OEAI ANOAOEI T E

Solution of 1 is given by:

1
f[y (1+;)+cosy] dx + [0dy=C
y constant
=y (x+logx) +xcosy=C

Example 13 Solve the differential equation:

a?(x dy — y dx)

xdx+ ydy= iy é
o= (x-+ 525 dx o+ (v - 5i55) dy =
Solution:= (x t o dx + |y Py’ dy=0
_ a’y o a?x
M=x+ iyl N=y iy
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