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Chapter 10         

 

        Ordinary Differential Equations   

 
10.1 Introduction  

Relationship between rate of change of variables rather than variables 

themselves gives rise to differential equations. Mathematical formulation of 

most of the physical and engineering problems leads to differential equations. 

It is very important for engineers and scientists to know inception and solving 

of differential equations.  These are of two types: 

1) Ordinary Differential Equations (ODE)  

2) Partial Differential Equations (PDE) 

An ordinary differential equation (ODE) involves the derivatives of a 

dependent variable w.r.t. a single independent variable whereas a partial 

differential equation (PDE) contains the derivatives of a dependent variable 

w.r.t. two or more independent variables. In this chapter we will confine our 

studies to ordinary differential equations. 

 Prelims: 

ü  

ü  

ü  

ü  

ü  

ü If   and  are functions of  and  vanishes after a finite number of 

differentiations 

       

Here is derivative of  and  is integral of   

For example 

  

                           =  
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Order and Degree of  Ordinary Differential Equations (ODE)  

 A general ODE of n
th
 order can be represented in the form 

=0  Order of an ordinary differential equation is that of 

the highest derivative occurring in it and the degree is the power of highest 

derivative after it has been freed from all radical signs. 

The differential equation  is having order 3 and 

degree 1. 

Whereas    is having order 3 and degree 3. 

The differential equation 
2

2

dx

yd
3

3

dx

yd
 +    is of order 3 and degree 2. 

 

10.2 First Order Linear Differential Equations (Leibnitzôs Linear 

Equations) 

A first order linear differential equation is of the form , éé.ᵎ 

where  and  are functions of  alone or constants. To solve ᵎ, multiplying 

throughout by  ( here   is known as Integrating Factor (IF)), we get 

  

   

  =   + C 

Algorithm to solve a first order linear differential equation (Leibnitzôs 

Equation) 

1. Write the  given equation in standard form i.e.  

2. Find the integrating factor (IF) =   

3. Solution is given by . IF = .IF  + C ,  C is an arbitrary constant 

Note: If the given equation is of the type  ,  

then IF =  and the solution is given by  IF = .IF  + C 

Example 1 Solve the differential equation:  

Solution:  The given equation may be written as: 
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 éé ר 

This is a linear differential equation of the form  

Where    and   

IF =   =   =  =  

Ḉ 3ÏÌÕÔÉÏÎ ÏÆ  ר is given by 

 .  = (   + C 

ᵼ   =   + C  

Example 2 Solve the differential equation:  

Solution:  The given equation may be written as: 

  éé. ר 

This is a linear differential equation of the form  

Where   and   

IF =   =   =   

Ḉ 3ÏÌÕÔÉÏÎ ÏÆ  ר is given by 

 .  =   + C 

ᵼ   =   + C  

Example 3 Solve the differential equation:  

Solution:  The given equation may be written as: 

         ᵼ     ȣȣר 

This is a linear differential equation of the form  

Where   and   

IF =   =   =   

Ḉ 3ÏÌÕÔÉÏÎ ÏÆ   ר is given by 

 .  =  + C 

ᵼ    = + C  

ᵼ  = + C  
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Example 4 Solve the differential equation:   

Solution:  The given equation may be written as: 

 éé..ר 

This is a linear differential equation of the form  

Where   and   

IF =   =   =   

Ḉ 3ÏÌÕÔÉÏÎ ÏÆ  ר  is given by 

 .  =  + C 

ᵼ   C ,  is an arbitrary constant 

Example 5 Solve the differential equation:  

Solution:  The given equation may be written as: 

 ééר 

This is a linear differential equation of the form  

Where    and   

IF =   =   =   

Ḉ  3ÏÌÕÔÉÏÎ ÏÆ  ר is given by 

 .   =   + C 

ᵼ  .   =   + C  

ᵼ  .   = + C  

ᵼ    = + C  

10.3  Equations Reducible to Leibnitzôs Equations (Bernoulliôs Equations ) 

Differential equation of the form , éé.ᵏ 
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where  and  are functions of  alone or constant, is called Bernoulliôs 

equation. Dividing both sides of k  by , we get . 

Now putting , k  reduces to Leibnitzôs equation. 

Example 6  Solve the differential equation:   ééר 

Solution:  The given equation may be written as: 

 ééש 

Putting ,    ééת 

Using   ת in  ש, we get     éé..װ 

  is a linear differential equation of the form װ

Where    and   

IF =   =   =  =  

Ḉ 3ÏÌÕÔÉÏÎ ÏÆ  װ is given by 

 .   =    + C 

ᵼ .   =   + C 

Substituting   

ᵼ  =  + C 

ᵼ  =  

Example 7 Solve the differential equation:   

  ééר 

Solution:  The given equation may be written as: 

  

 ééש 

Putting ,    ééת 

Using   ת in  ש, we get      éé..װ 

  is a linear differential equation of the form װ
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Where    and   

IF =   =   =  

Ḉ 3ÏÌÕÔÉÏÎ ÏÆ  װ is given by 

 .   =   + C 

ᵼ  =  + C  

ᵼ  =  + C  

ᵼ =   +  + C  

Substituting  ,   

ᵼ =   +  + C  

Example 8  Solve the differential equation:    ééר 

Solution:  The given equation may be written as: 

   

  

Dividing throughout by  

 ééש 

Putting ,    ééת 

Using   ת in  ש, we get     éé..װ 

  is a linear differential equation of the form װ

Where    and   

IF =   =   =  =  

Ḉ 3ÏÌÕÔÉÏÎ ÏÆ  װ is given by 

 . =   + C 

ᵼ . =   + C 

ᵼ . =  + C 
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Substituting   

=  + C 

Example 9  Solve the differential equation:  ..éר 

Solution:  The given equation may be written as: 

  

Dividing throughout by  

ééש 

Putting ,    ééת 

Using   ת in  ש, we get     éé..װ 

  is a linear differential equation of the form װ

Where    and   

IF =   =   =  =  

Ḉ 3ÏÌÕÔÉÏÎ ÏÆ  װ is given by 

 .   =   + C 

ᵼ .   =   + C 

Putting , , also  

ᵼ .   =   + C 

ᵼ .   =   + C 

ᵼ .   =    + C 

  

Substituting   

ᵼ   =    + C 

ᵼ  =    + C  ,  is an arbitrary constant 

                                             Exercise 10A 
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Solve the following differential equations: 

1.              

                                                   Ans.  

2.          

                                           Ans.  

 

3.                                   Ans.  .   = + C  

4.                      Ans.  

5.                             Ans.  

6.         Ans.  

7.                  Ans.  

8.  

                                                          Ans.   

9.                Ans.  

10.                Ans.  

 

10.4 Exact  Differential  Equations of  First Order 

A differential equation of the form  is said to be 

exact if it can be directly obtained from its primitive by differentiation. 

Theorem: The necessary and sufficient condition for the equation 

 to be exact is  . 

                    Working rule to solve an exact differential equation 

1.  For the equation , check the condition for 

exactness i.e.  

2. Solution of the given differential equation is given by  

 

Example 10  Solve the differential equation: 

  ..éר 

Solution:  ,   

,   
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 , Ḉ ÇÉÖÅÎ differential equation is exact. 

Solution of  ר is given by: 

  
                                  y constant 

  

Example 11  Solve the differential equation: 

  ..éר 

Solution:  ,   

,   

 , Ḉ ÇÉÖÅÎ ÄÉÆÆÅÒÅÎÔÉÁÌ ÅÑÕÁÔÉÏÎ ÉÓ ÅØÁÃÔȢ 

Solution of  ר is given by: 

         
 y constant 

  

Example 12  Solve the differential equation: 

  ..éר 

Solution:  ,    

,   

 , Ḉ ÇÉÖÅÎ ÄÉÆÆÅÒÅÎÔÉÁÌ ÅÑÕÁÔÉÏÎ ÉÓ ÅØÁÃÔȢ 

Solution of  ר is given by: 

         

  y constant 
  

Example 13  Solve the differential equation: 

  ..éר 

Solution:   

  ,   




