CHAPTER 10

ORDINARY DIFFERENTIAL EQUATIONS

10.1 Introduction

Relationship between rate of change of variables rather than variables
themselves gives rise to differential equations. Mathematical formulation of
most of the physical and engineering problems leads to differential equations.
It is very important for engineers and scientists to know inception and solving
of differential equations. These are of two types:

1) Ordinary Differential Equations (ODE)
2) Partial Differential Equations (PDE)

An ordinary differential equation (ODE) involves the derivatives of a
dependent variable w.r.t. a single independent variable whereas a partial
differential equation (PDE) contains the derivatives of a dependent variable
w.r.t. two or more independent variables. In this chapter we will confine our
studies to ordinary differential equations.

Prelims:
> et® = cosO +isinf
> cos 0O = %(e"’ + e~19)
sinf = %(e"" —e™'9)
cosh 6 = %(e" +e 9

sinh @ = %(e‘9 —e 9

vV V V V

If u and v are functions of x and u vanishes after a finite number of
differentiations

[uvdx =uv, —uWv, + uPv; —uBv, + -
Here u™is derivative of u™=V and v,, is integral of v,,_;
For example
[ x2.sinx dx = (x?)(—cos x) — (2x)(—sinx) + (2)(cos x)

=—x2cosx + 2xsinx + 2cosx
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Order and Degree of Ordinary Differential Equations (ODE)
A general ODE of n™ order can be represented in the form

F ( Ly Ly dly ):0 Order of an ordinary differential equation is that of

dx’dx2 ’ " dxn
the highest derivative occurring in it and the degree is the power of highest
derivative after it has been freed from all radical signs.

. . . d2y 3 d3y . .
The differential equatlon(§+2y) +t sty = 0 is having order 3 and
degree 1.

Whereas (@+2)3+ﬁ+ = 0 is having order 3 and d 3
" y =Ty = g order 3a egree 3.

2 3
The differential equation d—g _d 2’
dx dx

+y is of order 3 and degree 2.

10.2 First Order Linear Differential Equations (Leibnitz’s Linear
Equations)

A first order linear differential equation is of the form % + Py=20,....... @

where P and Q are functions of x alone or constants. To solve @, multiplying
throughout by e/? 4% (here e/ 4 is known as Integrating Factor (IF)), we get

Z_yedex_i_ Pyedeszedex
x

= d(yedex) = Q edex
:yedex:erdexdx +C
Algorithm to solve a first order linear differential equation (Leibnitz’s
Equation)
1. Write the given equation in standard form i.e. % + Py =0Q
2. Find the integrating factor (IF) = e/ P d4x
3. Solution is given by y. IF = [ Q .IF dx + C, C is an arbitrary constant

Note: If the given equation is of the type Z—’; + Px = Q,

then IF = e/ P 9¥and the solution is given by x. IF= [ Q .IFdy + C

: _ 4 s
Example 1 Solve the differential equation: =~ = Z=2"2%
dx 1+cosx

Solution: The given equation may be written as:
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dy  sinx X @

dx 1+cosx 1+cosx
This is a linear differential equation of the form % + Py=20Q

sinx X

Where P = — and Q =

1+cosx 1+cosx

sinx

|IF = edex = ef_ 1+cosx dx = elog|1+cosx| =14+ cosx

= Solution of D is given by

X

y.(1+cosx) =] (14 cosx)dx+C

1+cosx
:y(1+cosx):§ +C
Example 2 Solve the differential equation: % =1+x)+1-y)
Solution: The given equation may be written as:

% +y=2+x ....... @

This is a linear differential equation of the form % + Py=20Q

Where P=1and Q =2 +«x

IE= e/Pdx = pldx = px

=~ Solution of D is given by

y.e*=[(2+x)e* dx+C

s>y =14+x +Ce™

Example 3 Solve the differential equation: (x +y + 1) % =1

Solution: The given equation may be written as:

dx dx
o= % +y+1 = i =y+1... @

This is a linear differential equation of the form Z—’; + Px=Q
Where P=—1and Q =y +1

IF= e/Pdy = ef-dy =~

=~ Solution of (D is given by

x.eV=[(y+1De¥ dy+C

> xeV=—(y+2)er+C

> x=—(y+2)+Ce”
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Example 4 Solve the differential equation: xlog x % + y=2logx
Solution: The given equation may be written as:
&y 1 y= % ........ @

dx xlog x

This is a linear differential equation of the form % + Py=20Q

Where P = —— and Q =2
xlog x

X
1
IF = efpdx = efxlogxdx = elog (logx) — logx
= Solution of D is given by
y.logx = f%logx dx +C

= ylogx = (logx)?+ C,Cisan arbitrary constant
e2V¥4y
Vx

Example 5 Solve the differential equation: % =

Solution: The given equation may be written as:
e2Vx

dy _ 1, _&%
bRy SR @

This is a linear differential equation of the form % + Py=Q

1 e2Vx
Where P__\/_; and Q = =

IF= efPdx= 7 = p-2Vx

= Solution of (D is given by
2+x

y.e V¥ = [F—e ¥ dx+C

= y. e 2V :f\/%dx+C

> y.e 2% =2\x+C

= y = 2x e+ C e2V¥
10.3 Equations Reducible to Leibnitz’s Equations (Bernoulli’s Equations )

Differential equation of the form % + Pf(y) = Qg(), .......
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where P and Q are functions of x alone or constant, is called Bernoulli’s

tion. Dividing both sides of we get — 24 pI_ g
equatio ding both sides o by g(v), we ge preorrl e Q
Now puttlng ! (y) =t, reduces to Leibnitz’s equation.
. . . dy 1 eY
Example 6 Solve the differential equation: Tt o=g @
Solution: The given equation may be written as:
—ydy 1,y L

—+ - e @)

inge Y =t —e ¥y _ 4t
Putting e t, —eV—=— ... ©)
Using @ in @Weget———t o @

@ is a linear differential equation of the form % + Pt=0Q

1

x2

Where P = —= and Q =

IF = eJPdx = ef—;dx:e—logxz elogx_lzl

X

~ Solution of @ is given by
t—_f——-%M+C

:>t. - —+C
x 2x2

Substituting t = e™Y
x 2x2
=>2x=eY(2cx? + 1)
Example 7 Solve the differential equation:
tany%+ tanx = cosycos3x ...... @

Solution: The given equation may be written as:

tanyd_y + tanx — cos3x
cosy dx cosy
d
= secy tanyd—3;+ secy tanx = cos3x ...... @
i — dy _ dt
Putting secy =t, secy tany—= — ...... ©)
: . dt
Using @ in @), we get — *+ (tanx)t = cos3x ... @

@ is a linear differential equation of the form % + Pt=¢Q
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Where P =tanx and Q = cos3x
IF = eJPdx = pftanxdx — ploglsecx| — gac i
~ Solution of @ is given by

t.secx = [cos3x.secx dx+C

= t.secx = [ cos?x dx+C

1+4+cos2x

= tsecx = dx +C

sin 2x

+C

x
:t.Ser:; +

Substituting t = secy,

sin 2x

X
= secxsecy =— + +C

Example 8 Solve the differential equation: % =—2— ... @

Solution: The given equation may be written as:
dx _ x+%y
dy y

dx 1 __ |x

dy 'y y

Dividing throughout by vx

Putting vx = ¢, == =2 . ®

2\/_ dy  dy

1
Using @ in @), we get ———yt AR @

@ is a linear differential equation of the form Z—; + Pt =10Q

Where P = _ L and 0 = —
2y Q 2.y

—1 -1 log—
IE = edex: efzydy:eTIOgy: e g\/;— 1

vy

= Solution of @ is given by

5 i e

:>t.L=f5 dx +C

al- &

=%logy+C
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Substituting t = Vx

\/%2 log\/;+C

Example 9 Solve the differential equation: x% + y= y?logx ....

Solution: The given equation may be written as:

dy y
— 4 2

2
S
= —logx
dx X xg

Dividing throughout by y?

tday 1 _ 1
a5 T Flogx @
ingl=o¢ 19 _ 4t
Putting > = ¢, — =" = —- ... ©)
. . dt 1 1
Using @ in @,wegeta—;tz—;logx ........ @

@ is a linear differential equation of the form % + Pt=0Q

X
Where P = —i and Q = —ilogx

-1 _
IF = edex: ef—xdx:e—logxz elogx 121
x

= Solution of @ is given by
1 _ 1 1
t.;—f Zlogx.— dx+C

>t = —f—xizlogx dx +C

X

Putting log x = u, %dx = du, also x = e*

:>t.% =—[ue™ du+C
>t.= = —[u(—e™) - 1(e™)] +C
St.- = eTMu+1) +C

1

4
|

1
T = ;(logx+1) + C

Substituting t = i

1 = l(logx+1) +C

xy x

N % = (logx + 1) + Cx, Cis an arbitrary constant

Exercise 10A

O
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Solve the following differential equations:

1. e Vsec’ydy = dx + xdy
Ans. (xe¥ = C + tany)
2. (x+1)%—2y = (x + 1)*

Ans. (y = (xz—z+x + c) (x + 1)?)

ay _ ey

3. o= Ans. y.e2V* =2\/x+C
4. Z—J; = (X/—%i:zy_xy) Ans. x\/ry2 +cosy =C
5. (x+2y3)2—3;=y Ans. x = y3 + Cy
6. %cosx+ysinx=m Ans. 2,/ysec x = tanx + 2C
7. %— xy + y3e™* =0 Ans. e*” = y2(2x — C)
8. 3x(1 —x?)y? Z—z + (2x%? - 1Dy3 =x3

Ans. y3 = x + CxV1 — x2
9. % + ycos x = y"sin 2x Ans. (y "1t —1)esin¥ = ¢
10.% = e*¥ V(e*—eY) Ans.e¥ = Ce™® + e* —1

10.4 Exact Differential Equations of First Order

A differential equation of the form M(x,y)dx + N(x,y)dy = 0 is said to be
exact if it can be directly obtained from its primitive by differentiation.

Theorem: The necessary and sufficient condition for the equation

M (x,y)dx + N(x,y)dy = 0 to be exact is Z—A; = Z—I:.

Working rule to solve an exact differential equation

1. For the equation M(x,y)dx + N(x,y)dy = 0, check the condition for

. oM oON
exactness 1.e. — = —
ady ox

2. Solution of the given differential equation is given by

j M((taking y as constant) dx + f N (terms not containg x)dy = C

Example 10 Solve the differential equation:
(e¥ +1)cosxdx + eYsinxdy=0 ....D
Solution: M = (e¥ +1)cosx , N = eYsinx

oM y oN y
— = e C0SXx, — = €7 CoSx
ay ox
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oM  ON . . . o
5, = 5. - given differential equation is exact.
y X

Solution of (D is given by:

f(e” +1)cosx dx + [0dy=C
y constant

= (e? +1)sinx =C

Example 11 Solve the differential equation:

(secxtanx tany — e* )dx + (secx sec?y)dy =0 .....D

Solution: M = secxtanx tany — e*, N = secx sec’y

oM 2 oON 2
6_= secx tan x sec Yy, 6_= secx tan x sec y
Yy X

] ] . . : L
a_ X , - given differential equation is exact.
ay ox

Solution of (D is given by:

[(secxtanx tany — e¥)dx + [0dy =C
y constant
= secxtany — e* =C

Example 12 Solve the differential equation:

[3’ (1 "'i) + COSY] dx + [x +logx —xsinyldy =0 .....D

Solution: M =y (1+i>+cosy, N =x+logx —xsiny

5= (1+2)=siny 5= (1+1) —siny

oM  ON ) . . L
5, = 5. given differential equation is exact.
y X

Solution of D is given by:
f[y (1+§)+cosy] dx + [0dy=C

y constant
=y (x+logx) +xcosy=C

Example 13 Solve the differential equation:

_ a*(xdy— ydx)
xdx+ ydy = —/ 75— @
. a’y a®x _
Solution: = (x + x2+y2) dx + (y - x2+y2) dy=0
_ a’y _ ., a’x
M=x+ iyt N=y iy
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oM _ a?(x?2-y%) ON _ a?(x%-y?)

dy  (xZ+y2)2 7 ax  (xZ+y?)?

oM ON . . . . .

% = o, ~given differential equation is exact.

Solution of (D is given by:
2
J(x+ 5%) dx + [ydy=C
y constant

x2 _1Xx 2
= =+ a’tan '+ L =C
2 y 2

= x%+ 2a2tan‘1§+ y2=D ,D =2C

10.5 Equations Reducible to Exact Differential Equations

Sometimes a differential equation of the form M(x,y)dx + N(x,y)dy = 0 is
. OM , ON . .

not exact i.e. % * It can be made exact by multiplying the equation by

some function of x and y known as integrating factor (IF).

10.5.1 Integrating Factor (IF) Found By Inspection

Some non-exact differential equations can be grouped or rearranged and solved
directly by integration, after multiplying by an integrating factor (IF) which
can be found just by inspection as shown below:

Term IF Result
1 xdy +ydx _ _
1. _ Yy d + = dx d[log(xy)]
1
xdy + ydx 2. o *+1 xdy +ydx _ dGy) _ [ ]
(xy)" (xy)" (n-1D)(xy)n-1
1. 12 xdy ydx [y]
X
1 xdy — ydx p X
2. = oz Y
y y y
3. - d d
B . x_y xay — yax — 41 X
xdy — ydx 1 Xy [ 09 x]
4. o1y
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xdy — ydx LY
iy d [tan ;]
5 1

Xy x%— y? xdy — ydx d[ . _1y]

—————=d|sin"'=

X /XZ — y2 X

1 xdx + ydy 1
1. x2+ y2 W = Ed[log(xz + yz)]
2 2y-n+1
xdx + ydy 5 L 1 xdx+ydy=1 (x? + y?)™
(x2+y?)n (x2 4+ y2)r 2 -n+1

Example 14 Solve the differential equation:
xdy— ydx +2x3dx =0 ....D

Solution: = (—y + 2x3)dx + xdy = 0
M= -y+ 2x3, N= x

oM ON

—=-1, —=1

dy ox

oM , ON . . : .

3y #+ - given differential equation is not exact.

Taking xiz as integrating factor due to presence of the term (x dy —

xdy—ydx
%2

(@D may be rewritten as : + 2xdx =0

=>d[ﬂ+2xdx=0 ...... @

Integrating @, solution is given by : >+ x* = C

>y+x3=Cx

Example 15 Solve the differential equation:

ydx— xdy + (1 +x%)dx + x?cosydy =0 ....D

Solution: = (y + 1+ x*)dx + (x®cosy —x)dy =0
M=y+1+ x? N= x?cosy —x

oM _ . oN

3y 1, Pl 2xcosy —1

y dx)
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oM  ON . . . o
% * 5, - given differential equation is not exact.

Taking xiz as integrating factor due to presence of the term (y dx — x dy)

ydy— xdx

(D may be rewritten as : ——+ (Xiz + 1) dx + cosydy =0

=>—d[%]+(xl2+1)dx+cosydy=0 ...... @)

Integrating @, solution is given by : —% + (—% + x) + siny =

=>x*—y—1+4+xsiny =Cx

Example 16 Solve the differential equation:
xdx+ ydy = a(x®*+y*dy ...O

Solution: = xdx + (y —a(x* + y?))dy =0
M=x, N=y—a(x?*+y?

Z—A; =0, Z—: = —2ax

Z—A; * Z—: , - given differential equation is not exact.

Taking oy 38 integrating factor due to presence of the term
(xdx + ydy)

(D may be rewritten as : % —ady=0

= %d[log(x2 + y)]l—ady=0
= dllogx*+ y*)|—2ady=0...... @

Integrating @), solution is given by: (x* + y2?) — 2ay = C, C is an arbitrary
constant

Example 17 Solve the differential equation:
a(xdy+ 2ydx) = xydy ...D

Solution: = 2aydx + (ax — xy)dy =0
M= 2ay, N =ax —xy

oM _ 5o ON_

ay ’ax y

oM _ ON : : : .

3y # o, given differential equation is not exact.

Rewriting @ asa(xdy+ ydx) + aydx = xydy ...... @
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Taking — as integrating factor due to presence of the term (x dy + y dx)
i g g

xdy+ ydx

@ may be rewrittenas: a + % dx—dy=0

= ad[log(xy)] + % dx—dy=0...... ©)

Integrating (@ solution is given by: alog(xy) + alogx —y =C
= alog(x?y) — y = C , Cis an arbitrary constant
Example 18 Solve the differential equation:

x43—z + x3y +sec(xy) =0 ...

Solution: = (x3y + sec(xy))dx + x*dy =0

M = x3y + sec(xy), N = x*
M _ 3 oN _
y = X + x sec(xy) tan(xy), Pl 4x

oM ON

2y * PR given differential equation is not exact.

Rewriting @ as: x3(xdy + ydx) + sec(xy) dx =0

(xdy+ydx)
sec(xy)

= cos (xy) (xdy + ydx) — x3dx =0
= d [sin(xy)] - %d(x‘z)dx =0 ...... @

3

x3dx =0

Integrating @), we get the required solution as:

sin(xy) — x—: =C

= 2x%sin(xy) — 1 = Cx?

10.5.2 Integrating Factor (IF) of a Non-Exact Homogeneous Equation

If the equation Mdx + Ndy =0 is a homogeneous equation, then the

. . - 1 .
integrating factor (IF) will be pymI provided Mx + Ny # 0

Example 19 Solve the differential equation:
(x3+ y»dx — xy?dy =0 .....D
Solution: M = x3+ y3 , N = — xy?

oy Yoo ax y
oM 9N . : : L
o # - given differential equation is not exact.
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. . 1 1 1
As (D is a homogeneous equation, - IF = = =—
Mx+Ny x4+ xy3—xy3  x*

. 1 3 2
~ (O may be rewritten as : (—+ y—4) dx— Zdy=0...... )
X X X
1, y3 y?
NewM = -+ — ' New N = — —
x x4 x3
oM _ 3t w32
ay  x* ' ax  «x*
oM _ ON

5 = @ is an exact differential equation.

Solution of @ is given by:

1

f(—+z—j) dx + [0dy

X
y constant

1/(y 3 _
= logx — E(;) =C
Example 20 Solve the differential equation:
By* + 3x%y?)dx + (x3y — 3xy®)dy =0 ....D

Solution: M = 3y* + 3x?y?, N = x3y — 3xy3

oM ON

oM _ 3 2 ON _ 2., _ 2.3
2 12y° + 6x°y , ™ 3x*y — 3y
9 9 . . . L
% * % , - given differential equation is not exact.

As D is a homogeneous equation
1 1 1

T Mx+Ny  3xy*+3x3y2+x3y2-3xy*  4x3y2

~» (@ may be rewritten after multiplying by IF as:

3y? 3)d (1 3y)
— 4+ —)dx ———=)dy=0......
(4x3 + 4x + 4y  4x2 Y @
3y? 3 1 3
NewM =2+ = New N=——-2
4x3 4x 4y 4x2
oM 6y _ 3y ON _ 3y
dy  4x3  2x3’ 9x  2x3

oM _ ON

oy @ is an exact differential equation.

Solution of @) is given by:

f(£+%)dx+f$dy

4x3
y constant
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_3y2

=
8x2

3 1

+ Zlogzx+zlogy =C
3., 3y~ _ _

= logx°y 2x2-D,D-4C

10.5.3 Integrating Factor of a Non-Exact Differential Equation of the
Form

yfi(xy)dx + xf,(xy) dy = 0 : If the equation Mdx + Ndy = 0 is of the
given form, then the integrating factor (IF) will be : provided Mx —

Mx—-Ny
Ny # 0
Example 21 Solve the differential equation:
y(1+xy)dx+ x(1—xy)dy=0 ....OD
Solution: M = y + xy? N =x — x%y

oM aN

o 1+ 2xy, Pl 1-—2xy

2_1: * Z—Z , - given differential equation is not exact.

As (D is of the form yf; (xy)dx + xf>,(xy)dy =0,
CF=—1'  — 1 1

o T Mx—Ny  xy+x2y2-xy+x2y2  2x2y2

~» (@ may be rewritten after multiplying by IF as:

1 1 1 1
— ) dx ( - —) dy=0......
(2x2y t Zx) t 2xy? 2y Y @
1 1 1 1
New M = 4+ — ,New N = - —
2x2y 2x 2xy? 2y
oM -1 oN -1
dy  2x2y2 ' 9x  2x2y2?
oM  aN . . . .
— = o @ is an exact differential equation.
y X

Solution of @) is given by:

1 1 1
f(2x2y+ Z) dx + [ — ;dy
yconstant
> —+2logx—-logy =C

2xy 2 g 2 gy

:log§—$ =D, D=2C

Example 22 Solve the differential equation:
y(xy + 2x%y®)dx + x(xy —x*y?*)dy =0 ....D
Solution: M = xy? + 2x2y3, N = x%y — x3y?
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aM

™ 2xy+6xy,— 2xy — 3x%y?

2—1: g—z , - given differential equation is not exact.

As D is of the form yf; (xy)dx + xf,(xy)dy = 0,
- IF = 1 _ 1 _ 1

o - Mx-Ny  x2y2+2x3y3-x2y24x3y3 - 3x3y3

~ (D may be rewritten after multiplying by IF as:
1 1
(—+ )dx+(;—;)dy—0 ...... @

x2

NewM——+E NewN—i—l
y X y y

oM -1 ON -1

oy x%y? ' ox  x2y?

oM _ oN

3y~ 7x .~ @ is an exact differential equation.

Solution of @ is given by:
1
f(—+x)dx+f—;dy

x2y
y constant
=>_—1+ 2 logx —logy =C
x?2 1
= log— —— =C
xy
10.5.4 Integratlng Factor (IF) of a Non-Exact Differential Equation
Mdx + Ndx = 0 in which Z—'Z and 2—: are connected in a specific way as
shown:
9M_ 09N
i If 2% = f(x), afunction of x alone, then IF = ¢/ /)4
oM 9N

i, If ay % = g(y), afunction of y alone, then IF = e/ ~9(dy

Example 23 Solve the differential equation:
(3 +y2+x)dx+ xydy=0 ....D
Solution: M = x3 +y%+x, N =xy

M _ N _
ay y'ax_ y
oM

aN . : : L
o # - given differential equation is not exact.
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As (D is neither homogeneous nor of the form yf; (xy)dx + xf, (xy)dy =
0,

oM oN
Computmg— — o =Y
amM_aN
By ox _ Yy _ 1 __
Clearly =—— = pvilioe f(x) say

P IF = ol F@ax — pfdx — Llogx —

~ (D may be rewritten after multiplying by IF as:

(x* 4+ xy? + x¥)dx + x*ydy =0 ....... @
New M = x4+xyz+x2 , New N = x2y
oM

oy = %X y, = 2xy

oM _ oN

= —,~ @ is an exact differential equation.
dy ox

Solution of @ is given by:
[(x*+xy?+x? )dx + [0dy
y constant
x5 x2y%2 %3

=>?+ +——C

Example 24 Solve the differential equation:
y*+2y)dx + (xy® + 2y*— 4x)dy =0 ....D
Solution: M = y* + 2y, N =xy®+ 2y* — 4x

N _ 3 _
+2,-= y -4
— F 6—1: , -~ given differential equation is not exact.
As D is neither homogeneous nor of the form yf; (xy)dx + xf,(xy)dy =
0,
. _OM ON
- Computlngg -5 = =3y3 46

6M oN
By ox 3y3+6

3
Clearly Eewyewia v g(y) say

3
s IE= el 9y — ef‘idy — p-3logy — L

y3
~ (O may be rewritten after multiplying by IF as:
(y-l— )dx+(x+2y—%)dy=0 ...... @)
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New M = y + yz—z , New N=x+2y—%

om 4 ON _ 4
oy y3 ’ ox y3
oM _ ON

5y~ @ is an exact differential equation.

Solution of @ is given by:
f(y+3%)dx+f2ydy
y constant
=>(y+3%)x +y*=C
Example 25 Solve the differential equation:
(x2 —y2+2x)dx— 2ydy =0 ....D
Solution: M = x2 —y2 +2x, N = -2y

oM oN

—= -2y, —=0

oy Yo ox

oM  ON ) . . L

o * 5, - given differential equation is not exact.

As (D is neither homogeneous nor of the form

yvfi(xy)dx + xf,(xy)dy = 0,

~ Computing 2—1:— Z—: = =2y
oM_ 0N
dy ox __ —2Y __ _
Clearly NS Ty 1= f(x)say

W IF= el fdx — pf1dx — ox

~» (O may be rewritten after multiplying by IF as:
e*(x? —y? +2x)dx — 2e*ydy =0....... @
New M = e*(x? —y?+2x) ,New N = — 2¢*y

oM ON

= _Dex L= e

oy ey, dx ey

aM _ AN : : : :
= e @ is an exact differential equation.

Solution of @ is given by:

[e*(x? —y? +2x)dx + [0dy
y constant
= (x2—y? +2x)e* — 2x+2)e* + (2)e* =C
= (x? —y?)e* = C, Cisanarbitrary constant
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Example 26 Solve the differential equation:
2ydx + (2xlogx — xy)dy =0 ....D

Solution: M = 2y, N =2xlogx — xy
M _ N

ay—2,£= 2(1+logx) —y
] ] . : : o
% +* % , - given differential equation is not exact.

As (D is neither homogeneous nor of the form yf; (xy)dx + xf,(xy)dy =
0,

. 9M _ON _
~ Computing o 2logx +y
Clearl DG 2lewvwy | _1_ f(x) sa

cary ~ x(2logx—y) x x y

~F = eff(x)dx — ef_?ldx — elogx_l _1

X

~» (@ may be rewritten after multiplying by IF as:

2%dx + (2logx—y)dy =0 ....... @

New M = Z?y ,New N =2logx — y

oM _2_ oN_2

oy T ox ox  x

oM _ N .~ @ is an exact differential equation.
dy ox

Solution of @ is given by:
[Zdx + [-ydy
y constant
= 2ylogx — yT =C

10.5.4 Integrating Factor (IF) of a Non-Exact Differential Equation
x%y?(myydx + nixdy) + x*y*(myydx + nyxdy) = 0, where a, b, c, d,

m,,n,, m,,n, are constants, is given by x*y#, where o and B are connected
1,1y, M3, Ny y

a+ o+l _ b+ B+1 q c+oa+l  d+B+1

by the relation = an =
mq ni ms nz

Example 27 Solve the differential equation:
(y? + 2x%y)dx + (x3—xy)dy=0...QD
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Solution: M = y? + 2x%y, N = 2x3 —xy

oM _ O 2 —
% = 2y + 2x? o 6x“—y

oM 9N . : : o
o # - given differential equation is not exact.

Rewriting O as x2y°(2ydx + 2xdy) + x°y*(ydx — xdy) =0
Comparing with standard forma =2, b=0, c =0, d =1,

m1=2,n1=2,m2=1,n2=_1

2+ at+l _ O+ B+1 O+a+l _ 1+ B+1
= P and = P
2 2 1 -1
> a—fBf=—-2anda+p= —

Solving we get a = _75 and B = _71

-5 -1

~IF = xo‘yB = x_zy_z
~» (O may be rewritten after multiplying by IF as:

-5 -1

x2y2(y? + 2x%y)dx + xzy 2(2x —xy)dy =0....... @

(x_25y2+2x zly Z)dx + (Zx ;y_zl—x 23y Z)dy— 0

-5 3 1 -1 -3 1
NeWM—x2y2+2x zyz New N =2xz2y2—xz2y:2
oM -5 1 -1 -1 N -5 1 -1 1
_— = 2 2 2 2 — = Zx 2v2 2y 2
oy 2x y2+x:z2y 2, ox x yz+xz2y
oM  ON ) . . .

% = oo @ is an exact differential equation.

Solution of @ is given by:

=5 3 -1a
f(x 2y + 2x zyZ) dx + [0dy
y constant
3

) 3
= 4(xy)z— —2 (—Z) * = C, Cis an arbitrary constant

Exercise 10B

Solve the following differential equations:
1. d_y + ax+hy+g —
dx hx+by+f

Ans. (ax? + 2hxy + by* + 2gx + 2fy = 0)

2. (%" +4x3)dx + (2xye™* — 3y?)dy = 0
Ans. (eXV° + x* — y3 = C)
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3. ydx — xdy + 3x%y2e*’dx = 0
Ans. (x + ye*’ = Cy)
4, y(2xy + e*)dx = e*dy

Ans.(S + x? = C)
5. (ylogx)dx+ (x —logy)dy =0
Ans. ((xlog x ) —%(logy)2 =C)

6. (3xy — 2ay®)dx + (x* — 2axy)dy = 0
Ans. (x2(x — ay)y = C)
7. y(x?y* +xy + Ddx + x(x*y* —xy + 1)dy =0

Ans. (2x2y? + xylogj;—z— 2 = Cxy)
8. (X®y*+x)dy+ (x*y>—y)dx=0

Ans, (log%%— %xzy2 = C)
9. By%+2xy)dx— (2xy +x%)dy =0

Ans.(x3 = Cy(x +y))

10.2x%y —xy? + y)dx+ (x —y)dy =0
Ans. (e**(2xy —y?) =C)

10.6 Previous Years Solved Questions
Q1. Solve y(2xy + e*)dx —e*dy = 0
(Q1(g9),GGSIPU, December 2012)

Solution: M = y(2xy+e*), N = —e*
oM aN

Z =3 x 9V _ _,x

oy xy +e”, ox e

oM , ON . . : .

3y #+ — - given differential equation is not exact.

Rearranging the equation as ( ye*dx — e*dy) + 2xy?dx =0 ....D
Taking yiz as integrating factor, © may be rewritten as:

ye*dx—e*dy
y2

4+ 2xdx =0
N d[ey—x]+ 2xdx =0.....@

X
Integrating @), solution is given by : 97+ x2=C

= e* + yx? =Cy
Q2. Solve the differential equation: (Q8(a), GGSIPU, December 2012)
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(x2+y?2+2x)dx+ 2ydy =0 ....D
Solution: M = x2 +y%+2x, N =2y

M _ N
ay Y ox

oM 9N . : : o

o # - given differential equation is not exact.

As (D is neither homogeneous nor of the form yf; (xy)dx + xf,(xy)dy =
0,

~ Computing Z—Z— Z—: = 2y

oM_ 0N

dy ox __ 2y _ _
Clearly—N = o= 1= f(x)say

A IF = el fax — pf1dx — ox

~ (O may be rewritten after multiplying by IF as:
e*(x? +y2 +2x)dx + 2e*ydy =0....... @
New M = e*(x? +y? +2x) ,New N = 2e*y

oM N

— =2e*y , —= 2e*

oy Yo ox y

oM  ON ) . . .
% = @ is an exact differential equation.

Solution of @) is given by:

feX(x2+y?+2x)dx + [0dy
y constant
= (x2+y? +2x)e* — 2x+2)e* + (2)e* =C
= (x? +y?e* = C, Cisanarbitrary constant.

Q3. Solve (xy?+ x)dx + (yx? +y)dy
(Q1(f), GGSIPU, December 2013)
Solution: M = xy?+x, N=yx?+y

oM ON

— = 2xy, — = 2x

oy Y dox y

oM  ON . . . o

% = .~ given differential equation is exact.

Solution is given by:

[(xy? +x)dx + [ydy=C
y constant

Page | 22



x2y2
=>—2y +

x2 y2
_+y_ — Cl
2 2

= x%y?+x2+y*=C

Q4. Solve the differential equation: (Q1(c), GGSIPU,2"%term 2014)
(x2y — 2xy?)dx — (x® = 3x%ydy =0 ....D

Solution: M = x%y — 2xy? , N = —x3 + 3x?%y

M _ 2 _ ON _ .2

ay = % 4xy , o 3x“ + bxy

oM __ ON . : : L

% # - given differential equation is not exact.

As (D is a homogeneous equation
1 1 1

T Mx+Ny  x3y-—2x2y2-x3y+3x2y2  x2y2

2

(D may be rewritten as : G — —) dx — (ﬁ - ;) dy=0...... )

X

12 x 3
NewM = -—— = New N=—-=+-=

y ox y: oy
aM_ 1 aN_ 1
oy yrax  y?
aM _ ON : . : :
il @ is an exact differential equation.

Solution of @ is given by:

1 2 3
[G-3) ax+ () @y
y constant
i— 2log|x| + 3log|y| = C
Q5. Solve the differential equation: (Q3(a), GGSIPU, 2™ term 2014)
d
d—z + (%) logy = %(logy)2 @
Solution: It is Bernoulli’s equation which can be reduced to linear form
Dividing throughout by y(logy)?

1 4yt _ 1 @

y(logy)? dx xlogy  «x

i 1 _ . __ 1 dy_ a
PUtting == = ¢, — 2o T e ®)

. . dt 1
Using @ in @,Wegeta—;t——— ........ @

@ is a linear differential equation of the form % + Pt=¢Q

X
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Where P=—= and Q = —=
X X

-1 _
IF = edex: ef—xdx:e—logxz elogx t_1

X

~ Solution of @ is given by
f—— - dx+C

=t i_f—— dx +C

1
=t. —
X

Substituting t = L
logy

1 1
= - +C
xlogy X

1

logy
Q6. Solve the differential equation: (Q1(i), GGSIPU, December 2014)

(y3 — 3xyHdx + 2x*y —xy*)dy =0 ....QD
Solution: M = y3 — 3xy2 N = 2x%y — xy?

= 1+ Cx, Cis an arbitrary constant

M _

- = 3y%2 —6xy, = 4xy — y?

9 ) ) . . L

% * % , - given differential equation is not exact.

As D is a homogeneous equation

IF=—1 - 1 -1
T T Mx+Ny T xy3-3x2y2+42x2y%-xy3  x2y?
. - 3 2 1
~» (@ may be rewritten as : (73; + ;) dx + (—; + ;) dy=0...... @

NewM=24+3 NewN=-241
x x Yy  x

oM 1 N _ 1
ay  x2 ' ax  x2
oM _ N

dy  ox'
Solution of @ is given by:
-y 3 2
f(?i' ;) dx + f—;dy
y constant
%+ 3log|x| — 2log|y| = C
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