Chapter 7
Interpolation

7.1 Introduction
Interpolation literally refers to introducing something additional or extraneous

between other things or parts. In numerical analysis, interpolation is a method of
constructing new data points within a discrete set of known data points, using
finite differences. The process of obtaining function values outside (in the vicinity)
the given range is called extrapolation.

In this chapter we shall extend the applications of differencing techniques to
interpolate and extrapolate data points within a given range, for equal as well as
well us unequal interval lengths.

7.2 Interpolation within Equal Intervals
Let y = f(x) be an explicitly unknown function, with given discrete set of
points (x;,y;), i =0,1,2,3,...,n, where x;’s are equispaced. The process of
obtaining the values f(x; + ph), —1 < p < 1, where height of the interval (h) is
fixed, is known as interpolation within equal intervals. There are several methods
of interpolating data points within a given range, depending upon the location
where the value is to be interpolated as given below:
I.  Newton’s forward interpolation formula

il.  Newton’s backward interpolation formula

iii.  Gauss’s forward difference formula

Iv.  Gauss’s backward difference formula

v. Stirling’s central difference formula

vi.  Bessels’s interpolation formula

We shall discuss these methodologies one by one in the coming sections.

7.2.1 Newton’s Forward Interpolation Formula

Newton’s forward interpolation formula is used to interpolate the values of the
function y = f(x) near the beginning (x > x,) and to extrapolate the values when
(x < x,), within the range of given data points (x;,y;), i = 0,1,2,3, ..., n.

Let f(x) take the values y,, v, v, , ...y, ; for the independent variable x taking
values x,, xy, X, , ...Xx,, Where height of the interval (h) is fixed, such that
Xy =xy+h, x, =xy+ 2h, ..., x, = xy, +nh.
Then to evaluate f(x) for x =x, +ph,-1<p<1
We have f(x) = f(xq + ph) = EPf(x,) = (1 + A)Py,

wE=14+Aand f(x) = y,



= f(0) = (1+pa+2EDp2 4 BEDED N3 4 )y, x = x0 + ph

s f(x) =y + pAy, + MAZYO +

p(p—-1)(p—2) A3 .
2!

2l y +...’p:

X—Xo
h

This is Newton’s forward interpolation formula and is used to interpolate or
extrapolate values near the beginning of the table.

» In Newton’s forward method, p is taken as 0 where x = x, and all the
differences are evaluated taking p = 0 as reference point.
> Value which is to be interpolated i.e. f(x) may be denoted by y,, [p < 1]

Examplel Use Newton’s forward interpolation formula to find the values of
. f(1.4) ii. £(0.9) for the given set of values

X 1 2 3 4
f(x) 6 11 18 27

Solution: Function has to be evaluated near the starting of the table, thereby
constructing forward difference table for the function y = f(x)

: ‘ o A A2 A3
1 0 6
5
2 1 ’ 9 — 'S
7 0
3 i . 2
9
4 ’ }

Newton’s forward interpolation formula given by:

f(x) =y, + pAy, + p(pz—!_l)Azyo + Wﬁyo +o,p= x_hxo . @
i. Tofind f(1.4)
Xo=1, % =6,x=14h=1.p="""=04
Also from table Ay, =5, A%y, = 2, A3y, =0
Substituting these values in D, we get
f(14) = 6+ (0.4)(5) + 22(2) + 0 = 7.76
ii. Tofind £(0.9)
Xo=1,y,=6,x=09,h=1.p=22=_01

Also from table Ay, =5, A%y, = 2, A3y, =0



Substituting these values in D, we get

£(0.9) = 6+ (~0.1)(5) + 212D

Example 2 From the following data, estimate the number of students who
obtained marks between 40 and 45.

Marks 30-40 40-50 50-60 60-70 70-80
Number of Students 31 42 51 35 31

Solution: Preparing the cumulative frequency table,

Marks less than (x) 40 50 60 70 80
Number of Students (y,) 31 73 124 159 190

Function has to be evaluated near the starting of the table, thereby constructing
forward difference table for the function y = f(x)

(2) + 0 = 5.61

Ma;crks » Number c;fStudents Ay Ay ASy Aty
lessthan40 O 31 .
47"
lessthan 50 1 73 9 e
et g, .
less than 60 2 124 —-16 37
35 12
lessthan 70 3 159 —4
31
lessthan 80 4 190

Newton’s forward interpolation formula given by:

_ (-1 (p-1P-2) P-DE-2-3)
F() =y + Ay, + 55— A%y + F T Ay + e Aty

p =20 .. D

h
To find the number of students having marks less than 45 i.e. f(45)

_45-40

xo =40, o =31,x=45h=102p=="=105
Also from table Ay, = 42, A%y, =9, A3y, = =25, A*y, = 37

Substituting these values in D, we get

0.5(0.5-1) ©) + 0.5(0.5-1)(0.5-2)

f(45) =31+ (0.5)(42) +— 6

(=25)
N 0.5(0.5—1)((;.:—2)(0.5—3) (37)
= f(45) =31+ 21 — 1.125 — 1.5625 — 1.4453 = 47.87 = 48

~ Number of students having marks less than 45 is 48.
Also number of students having marks less than 40 is 31. Hence number of
students who obtained marks between 40 and 45 is (48 — 31) i.e. 17



Example 3 Find the cubic polynomial with given set of points

X 0 1 2 3
f(x) 5 6 3 14

Hence or otherwise evaluate f(0.5).

Solution: Constructing forward difference table for the function y = f(x)

x p : : - A3
0 0 5 e
17
1 1 | I 'S
-3 :
2 i 3 14
11
3 ’ ’

Newton’s forward interpolation formula given by:

RO N2y, + EEDED Ay, 4o p =22 O

f(x) =y, + pAy, +
=X

—4, A3y, =18

xo =0, )’0:5,h=1"'P=x_

x—0
1
Also from table Ay, = 1, A%y, =

Substituting these values in D, we get

x(x 1) x(x— 1)(x 2)

fx)=5+x1) +——(—4) +———=(18)

=>f(x)=5+x+ (—Z)x(x -1+ (3)x(x —1(x—-2)
= f(x) =3x3—11x2+9x + 5
Also f(0.5) = 3(0.5)® — 11(0.5)%> + 9(0.5) + 5 = 7.125
7.2.2 Newton’s Backward Interpolation Formula
Newton’s backward interpolation formula is used to interpolate the values

of y = f(x) near the end (x < x,,) and to extrapolate the values when (x > x,,),
within the range of given data points (x;,y;), i =0,1,2,3,...,n

Let f(x) take the values y,, v, v, , ... v, ; for the independent variable x taking
values x,, xy, X, , ...Xx,, Where height of the interval (h) is fixed, such that
Xy =xy+h, x, =xy+ 2h,..., x, =x, + nh.

Then to evaluate f(x) for x =x, + ph,-1<p <1
We have f(x) = f(x, + ph) = EPf(x,) = (1 - V) Py,
E=(1-V)tand f(x,) =



= f(x) z(1+pv+@v2+Wv3+---)yM X =x, +ph

X—Xn
h

p(p+1)(p+2)
——V3 n

w F Q) = Yo + PV + 22 W2y, + EEE Yot p =

This is Newton’s backward interpolation formula and is used to interpolate or
extrapolate values near the end of the table.

» p is the index which is 0, where x = x,,

Example4 Following table gives the census population of a state for the years
1971 to 2011. Estimate the population for the years1974 and 2005 by using
appropriate interpolation technique.

Year 1971 1981 1991 2001 2011

Population
(Million) 46 66 81 93 101

Solution: Function has to be evaluated near the beginning and also near the end of
the table, thereby constructing difference table for the function y = f(x)

vear  Population jeqie  pnagir  3ragiff  atdife

7 f(x)
207
1981 66 5
) 2T >
1991 o1 - _3
12 _1 ............................ '
.. , e
8 ..............................
2011 o1

To calculate the population for the year 1974 , using Newton’s forward
interpolation formula given by:

_ -1 (p-1)(p-2 (p-1)(p-2) (=3
f@) = yo + phyy +PED Aty + EEER ARy, 4 PERERED Aty

p =2 ..

h
X = 1971, y, =46 ,x =1974, h =10 . p = 222271 = 03

10

Also from table Ay, = 20, A%y, = =5, A3y, =2, A*y, = -3
Substituting these values in D, we get

0.3(0.3-1)
2

0.3(0.3—1)((2).:—2)(0.3—3) (=3)

=46+ 6+ 0.525+ 0.119 + 0.1205 = 52.7645 Million

0.3(0.3-1)(0.3-2)

f(1974) = 46 + (0.3)(20) + (=5) + (2) +




To calculate the population for the year 2005 , using Newton’s backward
interpolation formula given by:

p(p+1)(p+2)(p+3)
Viy, ...

f() = Yo + PV, + EER 2y, + BEE R gy, o PRI
X—Xn
P = h @
x, = 2011, y, =101, x = 2005, h = 10 -~ p = =22 — _06

10
Also from table Ay, = 8, A%y, = —4, A3y, = —1, A%y, = -3

Substituting these values in @), we get

—0.6(—0.6+1) —0.6(—0.6+1)(—0.6+2)
— (D + .

£(2005) = 101 + (—0.6)(8) +

(=D

—0.6(=0.6+1)(=0.6+2)(—0.6+3)

(—=3)
24
=101 — 4.8 + 0.48 + 0.056 + 0.1008 = 96.837 Million

Example5 Given a set of points for the function f(x), evaluate £(2.8) and f(3.5).

X 0 1 2 3
f(x) 1 2 1 10
Solution: Function has to be evaluated near the end of the table, thereby

constructing backward difference table for the function y = f(x)

x i ’ V2 V3
’ 1
1
1 , )
1 )
2 1 10 .......................... \ 4
9 ...............................
3 10 .........................

Newton’s backward interpolation formula given by:
fG) =y +pVy, + BB y2y,  HEDEB g3y, 4o = 0 (D

3!

i. Tofind f(2.8)

2.8-3

X, =3, 9, =10, x=28,h=1.p = - = —0.2
Also from table Ay, =9, A%y, = 10, A3y, = 12
Substituting these values in D, we get

-2(-2+1)
2

f(28) =10+ (-.2)(9) + (10) +

(12) = 6.824

-2(-2+1)(-.2+2)
6

ii. Tofind f(3.5)

3.5-3
1

X, =3, 9, =10, x=35h=1.p= =0.5




Also from table Ay, =9, A%y, = 10, A3y, = 12
Substituting these values in D, we get

5(5+1)

f(@3.5) =10+ (0.5)(9) + T(lo) + (12) = 22

Example6 For the given set of values, evaluate cos 22°and cos 73°, using suitable
interpolation techniques.

S5(5+1)(.5+2)
6

X 10° 20° 30° 40° 50° 60’ 70° 80°

cosx | 0.9848 | 0.9397 | 0.8660 | 0.7660 | 0.6428 | 0.5000 | 0.3420 | 0.1737

Solution: Function has to be evaluated near the beginning and also near the end of
the table, thereby constructing difference table for the function y = f(x)

x y=cosx 15tdiff  2m4diff 374diff 4"diff 5™diff

10° 0.9848

—0.0451
20° 09397 —0.0286
00757 0.0023
30°  0.8660 —0.0263 . 0.0008
01000 0.0031 —0.0003
40°  0.7660 —0.0232 0.0005 N
—0.1232 0.0036 0.0003
50° 0.6428 —0.0196 0.0008.." v
—0.1428 0.0044."" 00003
60°  0.5000 ~0.0152." 00005
—0.1580,.."" 0.0049
70°  0.3420 " —0.0103
—0.1683

80" 0.1737

To calculate the value of cos 22°, taking x, = 20°as 22 is nearest to this point and
applying Newton’s forward interpolation formula given by:

p(p—-1)(p-2) ,3 p(@-1)(P-2)(p-3) ,4
P2 Wy, + EEE S Ay o

p ==X .. @D

h

f(x) =y, + pAy, + %Az% +

_22°-20

xo =20°, yo=0.9397 ,x =22, h=10"~p —— =102
Also from table Ay, = —0.0737, A%y, = —0.0263, A3y, = 0.0031,

A*y, = 0.0005, ASy, = 0.0003

Substituting these values in D, we get
2(2-1)

2(2-1)(2-2)

f(ZZO) =.9397 + (.2)(—.0737) + T(—.0263) + (.0031) +
.2(.2—1)(.22;2)(.2—3) (.0005) + .2(.2—1)(.2—122)5.2—3)(.2—4) (.00003)

= 0.9397 - 0.0147 + 0.0021 + 0.0002 — 0.00002 + 0.000001 = 0.9272




To calculate the value of cos 73°, taking x,, = 70°as 73 is nearest to this point and
applying Newton’s backward interpolation formula given by:

_ p(p+1) p(p+1)(p+2) p(p+1)(p+2)(p+3)
f(x) =Yp +0Vy, + TVZ n T —,ngn + 4! V4yn

p="n @

h

x, =70°, y, = 03420 ,x = 73", h=10" = p = 731}70 =03
Also from table Ay, = —0.158, A%y, = —.0152, A3y, = 0.0044,
A*y, = 0.0008, ASy, = 0.0003

Substituting these values in @), we get
.3(.3+1)

3(.3+1)(.3+2)

f(73°) = 0.3420 + (0.3)(—.158) + . (—.0152) + (.0044) +
.3(.3+1)(.23:2)(.3+3) ( 0008) n .3(.3+1)(.3+122)(E.3+3)(.3+4) (.0003)

= 0.3420 — 0.0474 — 0.003 +.0007 +.0001 + .00003 = 0.2924

7.2.3 Gauss’s Forward and Backward Difference Formulae

Gauss central difference formula is used to interpolate the values of y near the
middle of the table.

Newton’s forward difference formula is given by:

p(p—-1)(p—-2)(p—3)
A4Yo

fG) = yo + Py, + HER A%y, + B2 Ay, 4 DEDE o
p= 2 @
Now A%y_; = A%y, — A%y_y
= A%y, = A%y_, + A3y, )
Similarly A3y, = A3y_, + A*y_, W@
Ay, = A'y_; + A%y_, @

Substituting A2%y,, A3y,, A*y, from @ @ @ in D, we get

f(x) = yo + pAy, + % (A%y_ +A%y_) + W (A3y_, + A%y )+

(p—-1)(p-2)(p-3)
POCD0D) (a1, | 4 pSy ) +

Rewriting by collecting the coefficients of A%2y_,, A3y_,, A*y_; ..., we get
(p+Dp(p-1) A3

3 (p-1)
f(x) =y, +pAy, + P Z;! Ay_; + 3l Y1t
(p+1)p(z;!—1)(p—2) A4y_1 + .. .5
Again A*y_; = Aty_, + A%y _, - ©
Using ®in &, we get
. (p-1) Dp(@-1)
f(x) =y, + pAy, + p z;! Azy_l + (r+ );p A3y_1 +
(P+Dp(P-1)(p-2) Aty + oo no

4!
Expression given by is known as Gauss forward interpolation formula



Again A%y_; = Ay, — Ay_y

= Ay, = Ay_; + A%y_, Q)
Similarly A%y, = A’y_; + A3y_, @
A3y0 - A3y_1 + A4y_1 @,

Substituting Ay,, A%y,, A3y, from @', @', @' in D, we get
fG) =y +pQy_y + A%y ) + @ (A%y_; + 8%y 1) +
p(p—13)!(p—2) (M3y_, + A*y_,) +p(p—1)(i!—2)(p—3) (A*y_, + ASy_) +

Rewriting by collecting the coefficients of Ay_;, A%?y_;, A3y_,;, A*y_,, we get

f(x) =y, +pAy_, +

(p+1)p(z;!—1)(p—2) Aty + p(p—l)(zl!—z)(p—@ Ay +  ..O

Agaln A3y_1 - Agy_z + A4y_2 and A4y_1 - A4y_2 + Asy_z @’
Using ©®'in ®', we get

(p+p (r+D)p(p-1)
_!Azy_l + TA3y_1 +

f(x) =y, + pAy_, + (p;l)p Ay_; + —(p“);(p_l) (A3y_, + A*y_,) +

(p+1)p(p-1)(p-2)
PHOPO-DED) (pty_, + A%y 5) + -+

= F(x) = yo + phy_, + E2 A2y, EEEED 3y 4

(p+2)(p-:'1)10(p—1) Aty_, + - @

Expression given by @' is known as Gauss backward interpolation formula

Example7 Given a set of points for the function y = f(x), evaluate f(33) using
i. Gauss’s forward ii. Gauss’s backward interpolation formulae

x 25 30 35 40
f(x) 025 03 033 037

Solution: Function has to be evaluated near centre of the table, thereby
constructing difference table for the function y = f(x), taking x, = 30

x : 00 A A2 A3
x = 0.25
0.05
@ 0 E ........ _0.02
003 ........................... > 003
35 1 0.33 o
0.04

40 2 0.37



i. Gauss forward interpolation formula is given by

p(p-1) , 2
Z!A

%A3

y_1+... , p:x_xo @

f(x) = yo + pAy, + .

Yyt

To find £(33), x, =30, ¥, =03,x=33, h=5cp= 33;30 = 0.6

Also A™y,,n =1, 2 lie along the dotted line as shown
=~ From table Ay, = 0.03, A%2y_; = —0.02, A3y_, = 0.03
Substituting these values in @, we get

0.6(0.6—1)
2

f(33) = 0.3+ (0.6)(0.03) +

(0.6+1)0.6(0.6—1)
(—0.02) + -

(0.03)
= £(33) = 0.3185

ii. Gauss backward interpolation formula is given by

(p;l)p A2 (p+D)p(p-1) A3 X=X No)

Vot %, p=—

f) =y +pAy_, +

33-30 _

Tofind f(33), %o =30, Yo =0.3,x=33, h=5:p ==

0.6

Also A™y,,n =1, 2 lie along the dotted line as shown
=~ From table Ay_; = 0.05, A%y_; = —0.02, A3y_, =0

Substituting these values in @), we get

£(33) = 0.3 + (0.6)(0.05) + 2252 (—0,02) + LERECED ()

= £(33) = 0.3324

7.2.4 Stirling’s Central Difference Formula

Stirling gave the most general formula for interpolating values near the centre of
the table by taking mean of Gauss forward and Gauss backward interpolation
formulae.

Taking mean of expressions given by (D and (D’ respectively, we get

— 2 _ 3 3
FX) =y, +p (Ayo+2Ay—1) + (p(pZ' 1) n (p;l)p) A 32/_1 n (p+1)§'(p 1) (A y_le y_z) +

((p+1)'p(p—1)(p—2) n (p+2)(p+1)p(p—1)) A%y_,
4! 4! 2

_ Ayo+ Ay_ p? p(P?-1) (A3y_1+A3y_
:»f(x):yo-i-p( o2 1)+;A2y_1+ 3! ( 12 2)

+ ...

2002 _
P pay

4!

_l_

Expression given in (8 is known as Stirling’s central difference formula

1

Putting %(Ay0 + Ay_;) = —(Sy% + Sy_%) = udy,

2



(A% + Ay_;) = 1(533@ + 533'_1) = ué%y,
2 2

2

In terms of central differences, (8 takes the form

2 2_42
f(x) = yo +pudy, + %523’0 + %#533’0 +

This is another form of Stirling’s central difference formula.

The difference table used to evaluate f(x) as per Stirling’s formula, is shown
below. Column wise averages of differences (shown in boxes) are taken while

evaluation phase.
x p  f(x) 15tdiff 2m4diff 374diff 4"diff

p?(p?-1%)
764}]0 + oo

X3 =2 Y
Ay_,
X1 =1 y,
Ay_, Ny_,
Xo 0 Yo Ay_, A'y_,
Ayo Ay_4
X1 1 V1 Ay,
Ay,
X, 2 V2

Example8 Given a set of points for the function y = f(x), evaluate f(33) using
Stirling’s central difference formula.
X 25 30 35 40 45
f(x) 0.5 03 033 037 043
Solution: Function has to be evaluated near centre of the table, thereby

constructing difference table for the function y = f(x), taking x, = 35. Also
A"y, ,n =1, 2 lie along the dotted line as shown.

X p f(x) - ; A3 |
25 - "
0.05
30 —1 0.3 o
0.03 -
35 0 0.33 0.01 —0.02
.......................... 0 01
40 1 0.37 "
0.06

45 2 0.43
Stirling’s central differences formula is given by



_ Ayo+ Ay_ p? p(p2-1) (N3y_1+A3y_
fG) = yo +p (RLTR) 4 Epzy 4 HED (T2t i)

2
PA(P*-1) A4 _ X=X
+—4! A y_z + - ' p - h "'®

Tofind f(33), x, =35, o =033 ,x=33, h=5.p= 33;35 - 04,

Also from the table Ay, = 0.04 , Ay_, = 0.03 A%y_, = 0.01, A3y_, = 0.01,
A3y_, = 0.03, A*y_, = —0.02. All the positions have been shown, enclosed in
boxes.

Substituting these values in D, we get

.04+ .03 (—.4)2 -4((-.4)%-1) (.01+.03
2 )+ 2 (01) + 6 ( 2 )

f(33) =33+ (-4 (

—A2((=4)2—
I Gl (GO e (—0.02)
24

= f(33) =0.33 - 0.014 + 0.0008 + 0.0011 + 0.0001 = 0.318

Example9 Use Stirling’s formula to evaluate f(1.22) given that

X 1.0 1.1 1.2 1.3 1.4
f(x) 0841 0891 0.932 0.963 0.985
Solution: Function has to be evaluated near centre of the table, thereby
constructing difference table for the function y = f(x), taking x, = 1.2. Also
A"y, ,n =1, 2 lie along the dotted line as shown.

X p f(x) A A? A3 A*
1.0 —2 0.841
0.050
1.1 —1 0.891 —0.009
0.041
1.2 0 0.932 —0.01 0.002
o0 o 0.001
1.3 1 0.963 —0.009™
0.022
1.4 2 0.985

Stirling’s central differences formula is given by

_ Ayo+ Ay_q p? 2 p(p2-1) (Ny_1+ A3y,
f(x)=y0+p( 2 )+;Ay_1+ 3! ( 2 )

p%(p?-1) x—x
+EE Ay, ,p=— .0

_ 122-12 _
===

0.2

To find £(1.22), x, = 1.2, y, = 0.932,x =1.22, h=0.1 = p

Also from the table Ay, = 0.031 , Ay_, = 0.041, A%?y_, = —0.01,



A3y_; =0.001, A3y_, = —0.001, A*y_, = 0.002. All the positions have been
shown, enclosed in boxes.
Substituting these values in D, we get

2 2_
£(1.22) =.932 + (0. 2)(03“041) <-22> (—.01) +-2<<.z; 1) (

2 -
1 ©022002771) (9,002)

001—.001)
2

= f(1.22) = 0.932 + 0.0072 — 0.0002 + 0 — 0.0000032 = 0.9390

Example1l0 Given following data f(x) = 10°u,, for values of x in degrees,
where u,, = 1 + log sin x . Use Stirling’s formula to compute u,, g .

x 10 11 12 13 14
f(x) =10°u, 23,967 28,060 31,788 35,209 38,368

Solution: Function has to be evaluated near centre of the table, thereby
constructing difference table for the function y = f(x), taking x, = 12. Also
A"y, ,n =1, 2 lie along the dotted line as shown.

xX p f(x)=10%u, A A2 A3 A*
10 -2 23967
4093
11 -1 28060 —365
3728
12 0 31788 —307 —13
3421] ...
13 1 35209 —262""a
3159

14 2 38368

Stirling’s central differences formula is given by

2 2_ 3 3
fX)=y,+p (M) + p—AZy_l 4 P’ (A y_1+A y—z)

2 3! 2

+—p (i ) A4y 2 y D= X—hxo @

To find £(11.8%)
xo =12, y,=31788 ,x = 11.8, h = 1,

118 12
1

=—0.2

Also from the table Ay, = 3421 , Ay_, = 3728, A%y_, = —307,

A3y_, =45, A3y_, =58, A*y_, = —13. All the positions have been shown,
enclosed in boxes.
Substituting these values in O, we get

F11.8°) = 31788 + (=0.2) (3421;—3728) n (- 02)

(=307) +



—-0.2((-0.2)2-1) (45+58 (-0.2)2((-0.2)2-1) _
6 ( 2 )+ 24 (=13)

= f(11.8°) = 31788 + —714.9 — 6.14 + 1.648 + 0.0208 = 31068.6288
~ f(11.8°) = 105u,, ;- = 31068.6288
= u,, o = 31068.6288(107°) = 0.31069

Examplell Use Stirling’s formula to evaluate sin 57", given that sin 45" =
7071, sin50° =.7660, sin55" =.8192., sin60" = .8660, sin 65 =.9063

Also compare the results by evaluating sin 57 using Newton’s forward
interpolation formula.

Solution: Function has to be evaluated near centre of the table, thereby
constructing difference table for the function y = sinx, taking x, = 55. Also
A"y, ,n =1, 2 lie along the dotted line as shown.

X p f(x) A A? A3 At

45° -2 0.7071
0.0589

50° —1  0.7660 —0.0057

55° 0 0.8192 | 0.0006
.........................

60° 1 0.8660 —0.0065
0.0403

65° 2 0.9063

Stirling’s central differences formula is given by

2 2_ 3 3
fG) =y, +p (%) +2 A%y + pe_-1) (A y-1t4 y_z)

3! 2

4@ (i DAty , + ,p=""2 .0

To find £(57°), xp = 55", ¥, = 0.8192 ,x =57", h =5« p =

Also from the table Ay, = 0.0468 , Ay_, = 0.0532, A%?y_, = —0.0064 ,

A3y_; = —0.0001, A%y_, = —0.0007, A*y_, = 0.0006. All the positions have
been shown, enclosed in boxes.
Substituting these values in D, we get

F(57°) = 0.8192 + (0.4)

(0.0468+0.0532) (4) (—0.0064) +

0.4((0.4)%>-1) /-0.0001—-0.0007 (0.4)2((0.4)2—1)
- (zeoenn=00n7) o B2 D 2D (0.0006)

= f(57°) = 0.8192 + 0.02 — 0.000512 + 0.0000224 — 0.00000336



~ f(57") = 0.83870704 using Stirling’s central differences formula.
To evaluate the value of sin 57°, taking x, = 55°as 57 is nearest to this point and
applying Newton’s forward interpolation formula given by:

Xo =55, y, = 08192 ,x =57 h=10"w.p = ;55 — 0.4

Also from table Ay, = 0.0468 , A%y, = —0.0065, A3y, =0, ...
Substituting these values in @), we get
0.4(0.4—1)

f(577) = 0.8192 + (0.4)(0.0468) + . (—=.0065) +0
~ f(577) = 0.8192 + 0.01872 + 0.00078 = 0.8387

7.3 Interpolation with Unequal Intervals

For the function y = f(x), with given discrete set of points (x;,y;), i =
0,1,2,3,...,n, where x;’s are not equispaced, common methods of interpolating
data points are listed below:

I.  Newton’s divided difference formula

Ii. Lagrange’s interpolation formula

7.3.1 Newton's Divided Difference Method

Let the function y = f(x) take the values f(x,) = v, f(x1) =y, f(xy) =
Yar- f(x5) = y,; for the argument x taking values x,, x;, X3, ..., X, , Which
are not equally spaced. Divided difference may be defined as the difference
between two successive values of the ordinates divided by the difference between
the corresponding values of the abscissa.

So the first divided difference denoted by [xg,x; | or f(x,,x,) is defined as:

_Y1i— Yo fx1)—f(x0)

f(x0,x1) = [x0,%1] = Mo xi—x

.. _ Y2—y f(x2)—f(x1)
similarly  f(x,x,) = [y, %] = 220 = S22

Second divided differences, denoted by [xg, x;, x5 ] or f(x,, x4, x,) are defined as:
f (o, x1,%2) = [0, %1, %,] = %

2 0
[x2, x3]=[x1, x3]

X3—X1

[y, x2,%3) = [x1, %5, %3] =

Third divided differences, denoted by [xg, x;, x, | or f(x,, x4, x,) are defined as:
f (X0, %1, X2, X3) = [x0, X1, X2, %3] = [xl'xz'x;]_ixo'xl'xﬁ and so on.
3740

Remark: Divided differences are symmetrical in arguments,
ie. [x,, x5 | = [xg,x, ] Or f(xp, x5) = f(x5, %)




7.3.1.1 Newton's Divided Difference Formula
By definition of divided differences f(x, x,) = L0~/ — [=/(x0)

Xo—X X—Xg
= f(x) = f(xg) + (x —x,)f (x, %) D
_ f(xe,x1)=f(x,x0) _ f(x,x0)=f(x0,x1)
Also f(x, xq,x,) = . = p—
= f(x, x9) = f(xg, x1) + (¢ — x)f (x, %0, x1) ..©

Similarly f(x, xo,x; ) = f(xo, x1,%3) + (x — x3) f (x, %, X1, X3) .®

f(x, x9, %1, X ) = f(xg, X1, %2, o %) + (x — x,) f (5, X0, X1, X3, 0 Xpy) oo @D

Multiplying @ by (x — x,), @ by(x — xg)(x — x;) , ...

@ by (x — x)(x — x1) ... (x — x,,_;) and adding to equation (D, we get

fO0) = fxo) + (x — x)f (%0, x1) + (¢ — x0) (x — x1) f (%0, X1, %) + -
+(x —x0)(x — x1) . (6 — 2 1) (X — ) f (g, X1, X5, oo X)) + R™

Where R™ denotes remainder terms which vanish being (n + 1)*" order divided
differences.

~ Newton’s divided difference formula is given by:
f0) = flxg) + (0 —x0)f(xg, x1) + (0 —x,)(x — x1)f (%0, %1, %2) +
(x — x0) (x — x1) (x — x2) f (%0, X1, %2, X3) + -

Examplel2 Estimate f(2) from the following data, using Newton’s divided
differences method.

x 0 1 3 6
y 1 3 55 343

Solution: The divided difference table is given as follows:

x y 15t diff 2nd diff 3rddiff
0 1
3—1_2
1-0- 26— 2
1 3 _“_3
3-0
55—3_2 14—8_1
3—1 96 — 26 6—0
3 55 7
6—1
343 — 55
6—3

6 343



Newton’s divided difference formula is given by:
f0) = fxo) + (x — x0)f (%0, x1) + (x — x,) (x — x1) f (%0, x1,%2) +
(x — x0) (x — x1) (x — x3) f (%0, X1, X5, Xx3) + -+ ..@

Here x =2, xo =0, x; =1,x, =3, f(xy) =1, f(xg, x,) =2,

f(xo, x1,%2) =8, f(xg, x1,%2, x3) =1
Substituting these values in D, we get

f@Q)=1+2-0@2)+ 2-0C2-DB+2-02-1D2-3)D)
AfR)=1+4+16-2=19

Examplel3 Find log,, 656 , given that log,, 654 = 2.8156 , log,, 658 =
2.8182,log,, 659 = 2.8189, log,, 661 = 2.8202.

Solution: The divided difference table is given as follows:

x  f(x) =logyyx 15t diff 2" diff 3r4diff

654 2.8156
2.8182 — 2.8156

658 — 654
=.00065
.0007 —.00065
658 2.8182 659 — 654
=.00001
2.8189 — 2.8182 —.00002 —.00001
659 — 658 661 — 654
=.0007 = —.000004
.00065 —.0007
659 2.8189 661 — 658
= —.00002
2.8202 — 2.8189
661 — 659
=.00065

661 2.8202

Newton’s divided difference formula is given by:
f0) = fxo) + (x —x0)f (%0, x1) + (¢ — x0) (x — x1)f (%0, x1,%2) +
(x — x0) (x — x7) (x — x5) f (%0, X1, %5, X3) + -+ ..@

Here x =656, x,=654, x; =658, x, =659 , f(x,) =2.8156,
f(xo, xl) = 00065, f(xO, X1, xz) = 00001, f(xo, X1, X2, X3) = —.000004

Substituting these values in D, we get
f(656) = 2.8156 + (656 — 654)(.00065) + (656 — 654)(656 — 658).
(.00001) + (656 — 654)(656 — 658) (656 — 659)(—.00004)
~ f(656) =log,, 656 = 2.8168



Examplel4 Employing Newton’s divided difference interpolation formula,
estimate f(x) from the following data:

X 0 1 2 4 5 6
F(x) 1 14 15 5 6 9

Hence or otherwise find f(2.5).

Solution: Constructing divided difference table for the function y = f(x)

x f(x) 15tdiff 24 diff 374 diff 4t diff
0 1
14—1_13
1-0
1 14 1-13
2—-0
15—-14 —2+6
2—-1 4—-0
2 15 —-5-1 1—1_0
4—1 5—-0
5-15 2+2_1
-2 1+5 =1
4 5 + -
_—= —=0
5-2 2 6—1
6—5_1 6—2_1
5—4 6—2
5 6 13-1
6—4
19—6_13
6—5
6 19

Newton’s divided difference formula is given by

f) = flxg) + (= x0) f(xg, x1) + (0 — x,) (x — x9) f (g, X9, %) +
(x — x0) (x — x1) (x — x2) f (%0, X1, %5, x3) + -+ e

Herex, =0,x; =1,x, =2, f(xg) =1, f(xo, x1) =13, f(x, x1,x3) = —6,
f(xo, x1, %2, x3) =1, f(xo, X1,%2, X3, X4) =0
Substituting these values in D, we get
f)=14+(x—-0)1A3)+ (x—0)(x —1)(—6)
+(x—-0)x—-1Dx-2)1)+0
S f(x) =1+ 13x —6(x% —x) + (23 — 3x% + 2x)
= f(x) =x3—9x% +21x + 1
Also f(2.5) = (5.5)® —9(5.5)% + 21(5.5) + 1 = 12.875



7.3.2 Lagrange's Interpolation Formula
Let y = f(x) take the values yq, ¥1, ¥2,.., Yn; for the argument x taking

values x,, x4, X2, ..., X,, then the polynomial by Lagrange’s interpolation
formula is given by
n
f&x)= ) Liyi= Loyo + L1y1+ Loy, + -+ Lpyyn

0

e x0) (0=x2) (=)

where L, = (o—x1)(Xg—%2) - (Xg—%Xn)
L. = (x—x0) (x=x3)...(x—xp)
1 (x1—x0)(x1—x3)..(x1—x)
L, = (x=2x0)(x—=21)..(x—xpn—-1)

 (n=%0)(Xn—%2) - (Xn—%Xn—1)
. _ =x)(x—x2)...(x—xp) (x—x0) (x—x2)...(x—Xp)
~f0 = ((xo—x1)(XO—xz)...(xo—xn)) Yo+ ((xl—xo)(xl—xz)...(xl—xn)) it
( (x=x0) (x—x1)...(x=xp—1) )
n

(en—x0) (Xn—x2)...(xn—Xp—1)

Remarks:

» This formula can be used irrespective of whether the values x,, x;, x,
, . X, are equispaced or not.
» It is easy to remember but cumbersome to apply.

Examplel5 Estimate f(10) from the following data, using Lagrange’s
interpolation formula.

x 5 6 9 11
y 12 13 14 16

Solution: By Lagrange’s interpolation formula
fl) = ?:0 Liy; = Loyo + Liy; + Ly, + Ly
(x—x1) (x—x2)(x—x3) (x—x0) (x—x2) (x—x3)
— = —+
f(x) ((Xo—x1)(x0—xz)(xo—x3)) Yo+ ((x1—xo)(x1—x2)(x1—x3)) ¢!
( (x—x0) (x—x1)(x—x3) ) ( (x—x0) (x—x1)(x—x7) )
(xa—x0) (X2 —x1) (x2—x3)/ 2 (x3—x0) (x3—x1) (x3—%x)/ * 3
Putting x = 10 and remaining values from given data
(10-5)(10-9)(10—11)
(6=5)(6—9)(6—11)
(10-5)(10—6)(10—9)
(11-5)(11-6)(11-9)

__ (10-6)(10-9)(10-11)

f(10) = (12) +

(5-6)(5-9)(5—-11)

(10-5)(10-6)(10-11)
+ (9-5)(9-6)(9-11) (14)+

(13)

(16)

= f(10) = 2 —4.3333 + 11.6667 + 5.3333 = 14.6667



Examplel6 Find the polynomial of the lowest possible degree which assumes the
values —21, 15, 12, 3 for x taking the values—1, 1, 2, 3 respectively, using
Newton’s divided difference formula and hence find f(1.5).

Compare the results by finding f(1.5) using Lagrange’s interpolation formula.
Solution: i. The divided difference table is given as follows:

x y 15t diff 2nd Jiff 37 diff
-1 =21
15+21
1+1 218
1 15 o0
2+1
12-15 —3+7_1
2—-1 0.3 3+1
2 12 —ots_
3-1
3-12
3—2
3 3

Newton’s divided difference formula is given by:
fx) = flxg) + (. —xg) f(xg, x1) + (x —x0)(x — x1) f (g, x1,%5) +
(x — x0) (x — x1) (x — x3) f (%0, X1, %5, Xx3) + -+ ..@

Hel'e XO = _1, Xl = 1,X2 = 2 ,f(xo) = _Zl,f(xo, xl) = 18,
f(x0' X1, xZ) = _7! f(xOr X1, X2, x3) =1

Substituting these values in D, we get
f)=-21+x+1)A8)+ (x+1D(x—1)(-7)
+x+Dx—-1D(x-2)(1)+0
W f(x) =1+ 13x — 6(x%2 —x) + (x3 — 3x% + 2x)
> fx)=x3—9x2+17x+ 6
Also £(1.5) = (1.5)3 — 9(1.5)% + 17(1.5) + 6 = 14.625
ii. To find £(1.5) using Lagrange’s interpolation formula:
fG) =XioLiyi = LoYo + Liyy + Ly, + Lyys

_ o G=x)(x—x2)(x—x3) ) ( (x—x0) (x—x2) (x—x3) )
= =
fx) ((xo—x1)(xo—x2)(xo—x3) ot (x1—x0) (X1 —x2) (1 —x3)/ 7 1

( (x—x0) (x—x1)(x—x3) ) +( (x—x0) (x—x1) (x—x7) )
(x2—x0) (xa—x1) (xp—x3)/ 7 2 (x3—x0) (x3—x1) (x3—x2)/ ~ 3
_ (1.5-1)(1.5-2)(1.5-3) . (1.5+1)(1.5-2)(1.5-3)
= f(15) o ((—1—1)(—1—2)(—1—3))( 21) T ( (1+1)(1—2)(1—3) ) (15) T
(1.5+1)(1.5-1)(1.5-3) (1.5+1)(1.5-1)(1.5-2)
( (2+1)(2—1)(2—3) )(12) T ( (3+1)(3—1)(3—2) )(3)

~ f(1.5) = 0.328125 + 7.03125 + 7.5 — 0.234375 = 14.625




Examplel6 Find the polynomial of the lowest degree which assumes the values 1,
27, 64 for x taking the values1, 3, 4 respectively, using Lagrange’s interpolation
formula and hence find f(2).

Solution: To find f(x) using Lagrange’s interpolation formula:
f(x) = Liy; = Loyo + L1y, + L2y

N f(x) _ ( (x—xl)(x—xz) )yo n ( (x=x0)(x—x3) )yl n ( (x=x0)(x—x4) )yz

(xo—x1)(x0—x3) (x1—x0)(x1—x3) (x2—x0)(x2—x1)

o)

Herex, =1, x;, =3, x, =4, yo=1,y, =27,y, = 64
Substituting these values in D, we get
_ ((x—=3)(x—4) (x—1)(x—4) (x—=1)(x-3)
f(x) B ((1 3)(1- 4))( )+ ((3—1)(3—4)) @7) + ((4—1)(4—3)) (64)
7x+12 2-5x+4 x2—4x+3
> f0) = 22 @ + (5 @n + (Fe?) (69)
= f(x) = g(48x —114x + 72) = 8x% — 19x + 12

~f(2)=8(2)>—-192)+12=6

Exercise 7

1. Find the mean number of men getting wages between Rs. 10 and Rs. 15
from the following data

Wages in Rs. | 0-10 | 10-20 | 20-30 | 30-40
Frequency |9 30 35 42

2. Find approximate value of cos 23°using interpolation from the given data

X 10° | 20° | 30° | 40° | 50° | 60°| 70° | 80°
cosx | .9848 | .9397 | .8660 | .7660 | .6428 | .5 |.3420 | .1737

3. Find the 4" order divided differences from the given data

x| 05 15 |3.0| 50 6.5 8.0
y [ 1.625 | 5.875 | 31 | 131 | 282.125 | 521

4. Use Stirling’s formula to evaluate f(32) given that

X 22 25 30 35 40
f(x) | 14.035 | 13.674 | 13.257 |12.089 | 11.309

5. Find the polynomial of the lowest possible degree which assumes the
values 1245, 33, 5,9, 1335 for x taking the values—4, -1, 0, 2, 5
respectively, using Newton’s divided difference formula and hence find f(1).




6. Estimatef (7) from the following data, using Lagrange’s interpolation formula.

x 5 6 9 1
y 12 13 14 16

Answers

15

0.9205

0

13.0622

3x* —5x3+6x2—14x+5, f(1) = -5
13.46

ok whE



