CHAPTER 11

LINEAR DIFFERENTIAL EQUATIONS OF SECOND
AND HIGHER ORDER

11.1 Introduction

2
A differential equation of the form F(x,y,%,% ,d y) 0 in which the
dependent variable y(x) and its derivatives viz. Z—z : 3—2 etc occur in first

degree and are not multiplied together is called a Linear Differential Equation.
11.2 Linear Differential Equations (LDE) with Constant Coefficients

A general linear differential equation of n™ order with constant coefficients is
given by:

ko L+ kldn b — = — =tk 2+ kyy =F(x)
where k's are constant and F (x) is a function of x alone or constant.
= (kD" + kD" '+ ————+k,_1D+ k,)y =F(x)
= n — n-1 — L_l = i
Or f(D)y = F(x), where D™ = et D = o= D =are called

differential operators.

11.3 Solving Linear Differential Equations with Constant Coefficients
Complete solution of equation f(D)y = F(x) isgivenby y = C.F +P.l.
where C.F. denotes complimentary function and P.1. is particular integral.
When F(x) = 0, then solution of equation f(D)y = 0 is given by y = C.F
11.3.1 Rules for Finding Complimentary Function (C.F.)

Consider the equation f(D)y = F(x)
= (keD"+ kD" '+ ————=+k,_ 1D+ k,)y =F(x)

Step 1: Put D = m, auxiliary equation (A.E) is given by f(m) =0
=>kom"+ kym" 4+ ————+k,_m+ k, =0...... ®)
Step 2: Solve the auxiliary equation given by 3
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I.  If the nroots of A.E. are real and distinct say m,, m,,... m,
CF.= c,e™* + c,e™* 4 ... 4 ¢ e™n¥
[1.  If two or more roots are equal i.e. m;=m,=...=my, k <n
C.F.= (c1+ cox + c3x? + -+ + cpx®~1)e™* + ... + ¢, e™n¥
1. If A.E. has a pair of imaginary rootsi.e. m; =a+if3, m, =a—ip

C.F.= e™(cycosPx + c,sinPx) + c;e™* + .- 4 ¢, e™n*
IV. If 2 pairs of imaginary roots are equal i.e. m; =m, = a +1ip,
m3 - m4 =0o—- IB
C.F.= e™[(c; + cx) cosPx + (c3 + cux) sinPx] + -+ + c,e™n*

Ly _ gy _
5~ 8=+15y=0

Example 1 Solve the differential equation:

Solution: = (D> — 8D +15)y =0

Auxiliary equation is: m? —8m+15=0

> (m-3)(m-5)=0

=> m=23,5

C.F.= e + ¢ e

Since F(x) = 0, solution is given by y = C.F

>y = e® + ce

Example 2 Solve the differential equation: ﬂz — 6@ + 112 6y =0
dx dx dx

Solution: = (D3 —6D%? + 11D —6)y =0

Auxiliary equation is: m3 —6m? + 11lm—6=0 ....... @

By hit and trial (m — 2) is a factor of O

~( May be rewritten as

m3—2m?—-4m?+ 8m+3m—-6=0

>m?*’(m—2)—4m(m—2)+3(m—-2)=0

> (mM2—4m+3)(m—-2)=0

>mMm-3)(m—-1)(m—-2)=0

=> m=123
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C.F.= cie* + ce®* + cze3*

Since F(x) = 0, solution is given by y = C.F

>y = e’ + ce® + e

Example 3 Solve (D* — 10D3 + 35D — 50D + 24)y =0
Solution: Auxiliary equation is:

m* —10m3 + 35m? — 50m+24=0 ....... @

By hit and trial (m — 1) is a factor of ®

~( May be rewritten as

m* —m3 —9m3 +9m? + 26m? — 26m —24m+24 =0
>m3(m-1)—-9m?*(m—1)+26m(m—1) —24(m—-1) =0
=>(m—-1)mM3—9m? +26m—24)=0 ...... @

By hit and trial (m — 2) is a factor of @

~(@ May be rewritten as

(m—1)(m3® —2m? —7m? + 14m + 12m — 24) = 0
=>m-1)[m?*(m—-2)—7m(m—-2)+12(m—-2)] =0
S>mMm—-1DmM*-=7m+12)(m—-2)=0
>m-1)(m-3)(m—-4)(m—-2)=0

= m=12,34

C.F.= cie* + c,e?* + cze3* + ce™

Since F(x) = 0, solution is given by y =C.F

=Sy = e’ + e + czed + e

3 2
Example 4 Solve the differential equation: 2 + 222 1 2 — o
dx dx dx

Solution: = (D3 +2D?*+ D)y =0

Auxiliary equation is: m3 +2m?+m =0
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>m(m?+2m+1)=0

>mim+1)%2=0

> m=0,-1,-1

CF.= ¢+ (c; +c3x)e™

Since F(x) = 0, solution is given by y =C.F
=2y = ¢+ (¢ +c3x)e”™

d* d?
y_z y+

Example 5 Solve the differential equation: —= —2——
Solution: = (D* —2D%?+ 1)y =0

Auxiliary equation is: m* —2m? +1 =0

> (m?*—-1)2=0

=>m+1)2*m-1)%=0

> m=-1,-1,1,1

C.F.= (c; + cx)e™ + (c3 + cux)e”

Since F(x) = 0, solution is given by y = C.F

=y = (c; +cx)e™ + (c3 + cux)e”

3y

y=20

Example 6 Solve the differential equation: 2y _> Z—z +4y =0

dx3
Solution: = (D®* —2D +4)y =0
Auxiliary equationis: m3 —2m +4 =0 ....... @
By hit and trial (m + 2) is a factor of O
~( May be rewritten as
m3+2m?—-2m?— 4m+2m+ 4=0
>m*(m+2)—-2m(m+2)+2(m+2)=0
>m+2)(m?*-2m+2)=0

> m=-2,1+i
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C.F.= c;e ™ + e*(c, cosx + ¢3 sinx)
Since F(x) = 0, solution is given by y = C.F

>y = e+ e*(cycosx + c3sinx)

Example 7 Solve the differential equation: (D% — 2D + 5)2y =0

Solution: Auxiliary equation is: (m? —2m + 5)%....... @

Solving @, we get

> m=1x2i,1+%2i

C.F.= e*[(c; + c; x) cos 2x + (c3 + c4x) sin 2x

Since F(x) = 0, solution is given by y = C.F

=2y = e*[(c; +cy3x)cos2x + (c3 + cux) sin 2x]

Example 8 Solve the differential equation: (D? + 4)3y = 0

Solution: Auxiliary equation is: (m? + 4)3....... @

Solving @, we get

= m = 12i,+2i,+2i

C.F.=(c; + c3x + c3x?) cos 2x + (cq4 + csx + ccx?) sin 2x

Since F(x) = 0, solution is given by y = C.F

=y = (c;+ cx +c3x?)cos2x + (¢4 + csx + cgx?) sin 2x
11.3.2 Shortcut Rules for Finding Particular Integral (P.1.)

Consider the equation (D)y = F(x) ,F(x) #0
= (keD"+ kD" '+ ————=+k,_ 1D+ k,)y =F(x)

Then P.I = Tlm F(x), ClearlyP.l.=0if F(x) =0
Case I: When F(x) = e%*

1 1
Use therule P.l = —e%= —¢%* 0
> Tl Sl

In case of failurei.e. if f(a) =0
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1 1
Pl= x—e%= x—e% a)# 0
f (D) f@) f()

If f(a)=0,Pl.=x —e“x f"(a) # 0 and so on

f'(@

2
Example 9 Solve the differential equation: % -2 Z—Z + 10y = e%*

Solution: = (D? — 2D + 10)y = e?*
Aucxiliary equation is: m? —2m + 10 = 0
> m=1+x3i

C.F.= e*(cy cos 3x + ¢, sin 3x)

1

P.I. F(x) = 2x = e?* | by putting D = 2

f(D) - f(D) D)

— 1 2x — 1 2x
22-2(2)+10 10

Complete solutionis: y = C.F. +P.l

. 1
=y e*(c; cos3x + ¢, sin 3x) + Eer

Example 10 Solve the differential equation:

Solution: = (D> +D —2)y = e*
Aucxiliary equationis: m> +m—2 =10
>m+2)(m—-1)=0

> m=-21

C.F.= cie ™ + c,e*

d?y
dx?

P.l = f(D) F(x) —me ,puttingD =1, f(1) =0
~P.l= xﬁex P L= xf,(a)eax if f(a)=0
=Pl = X ex—f(l) () #0

= P.l.==

dy _ _x
+dx 2y =e
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Complete solutionis: y = C.F. +P.l

-2 xe*
=y = (e x+ce+3

Example 11 Solve the differential equation: 32732’ — 4y = sinh(2x + 1) + 4%
Solution: = (D? — 4)y = sinh(2x + 1) + 4*

Auxiliary equation is: m?2 —4 =0

> m=42

CF.= cie®* + c,e™*

- X
= f( > (sinh(2x + 1) + 4%)

(x+1)_ ,—(2x+1)
= ! (e e )+ 1 (exlog4)
D2- 4 2 D2- 4

. e¥—e™* log 4
~ sinhx = > and 4* = e*'°8

e 1 el 1 _ 1
- £ 2x e 2x+ exlog4

2D%-4 2 D%2-4 D?— 4

Putting D = 2,—2 and log 4 in the three terms respectively
f(2) =0and f(—2) =0 for first two terms

1 e”! 1 _ 1
~P.l __x_er__x_e 2x exlog4—
2D 2 72D (log4)?—4

ax —
@ if f(a)=0

Now putting D = 2, —2 in first two terms respectively

-1 4x

=P | = ﬂer + e xe—Zx exlog4:4x

8 8 (log4)%- 4

x [e(@X+1) ;4 o—(2x+1) 4%
=>P.l. ==

4 2 (log4)?- 4

x 4% eX+e™*
=>P.l.==cosh(2x + 1) + ——— ~ coshx =

4 (log4)?- 4
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Complete solutionis: y = C.F. +P.l

4_.?(

— 2x —2x 4 X
>y = ce*+ ce +4cosh(2x+ 1+ (logi)—4

Case Il: When F(x) = Sin (ax + b)or Cos (ax + b)
If F(x) = Sin (ax + b) or Cos (ax + b), put D? = —a?,
D3 =D2?D = —a?D, D* = (D?)2 = a*,......

This will form a linear expression in D in the denominator. Now rationalize the
denominator to substitute D? = —a?. Operate on the numerator term by term

. _d
by taking D = =

In case of failure i.e.if f(—a?) =0

1

Pl =x—
X rcar

Sin (ax + b) or Cos (ax + b), f (—a?®) # 0

1
f'(=a?

If f'(—a?) =0, P.l.= x? Sin (ax + b) or Cos (ax + b), f ' (—a?) # 0

Example 12 Solve the differential equation: (D% + D — 2)y = sinx
Solution: Auxiliary equationis: m?* +m —2 =0
>mMm+2)(m-1)=0

> m=-21

C.F.= cie ™ + c,e*

Pl =— F(x) = ——sinx =

- sin x
f(D) f(D) D2+D-2

putting D? = —12 = —1

1. D+3
Pl= —sinx =

sin x , Rationalizing the denominator
D-3 D2-9

_ (D+3)sinx

, Putting D? = —1
-10

~P.L= i(D sinx + 3 sinx)

10

:%(cosx + 3 sin x)
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Complete solutionis: y = C.F. +P.l

Sy = e ¥ +ce” —11—0 (cosx + 3 sinx)

Example 13 Solve the differential equation: (D% + 2D + 1)y = cos?x
Solution: Auxiliary equationis: m? +2m+1 =10

(m+1)%=0

> m=-1,-1

CF.= e™(cy + c3x)

1 1 1 1+cos2x
Pl.=—— F(x) = ——cos?x = ( )
f(D) f(D) D2+42D+1 2

1 1 1
=——e°x - ————(C0S 2x
2 DZ2+2D+1 2 D2+2D+1

Putting D = 0 in the 1% term and D2 = —22 = —4 in the 2"’ term

1 1
PI=2 42
2 2 2D-3

CoS 2x

2D+3
4p2 —32

= % + % cos 2x, Rationalizing the denominator

1 1
=- 4 -
2 2

(2D43)Cos2X pbtting D? = —4

1 1

~P.l.=- — — (—4sin2x + 3 cos 2x)
2 50

Nowy = C.F.+P.l

>y = e *(c; +cx) + % - % (—4 sin 2x + 3 cos 2x)

Example 14 Solve the differential equation: (D% + 9)y = sin 2x cos x
Solution: Auxiliary equation is: m? +9 =0

= m=+13i

C.F.= ¢y cos3x + ¢, sin 3x

! F(x) = sin2xcosx = ~—

Pl.=—
f(D) f(D) 2D249

(sin 3x + sin x)
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1 ) 1 )
=3 sin 3x + 5 sin x

D249 D2+9

Putting D2 = —9 inthe 1 term and D2 = —1 in the 2" term
We see that f(D? = —9 ) = 0 for the 1* term
~Pl =2Ix2sin3x+ <sinx

2 2D 2 8

1
f'(-a?)

Pl = x Sin (ax +b), f'(—a?) # 0

=P.l.=—Xcos3x + —sinx
12 16
Complete solutionis: y = C.F. +P.l
=y = ¢1€083x + C,Sin 3x —f—zcos 3x + %sinx
Case ll1: When F(x) = x™, nis apositive integer

1 1
Pl =— F(x) = —xn
o Fl) =755%

1. Take the lowest degree term common from f( D) to get an expression
of the form [1 + ¢&(D)] in the denominator and take it to numerator to

become [1 + ¢(D)]?

2. Expand [1+ ¢(D)]~! using binomial theorem up to n" degree as

(n+1)" derivative of x™ is zero
3. Operate on the numerator term by term by taking D = dix

Following expansions will be useful to expand [1 + ¢(D)] *in ascending

powers of D

A+x)t=1—x+x2—x3+--
1-x0)t=1+x+x2+x3+--
(1+x)2=1-2x+3x%—4x3+ -
(1—x)"2=14+2x+3x%+4x3+ -

Example 15 Solve the differential equation: &y _ y=5x—2
dx?

Solution: = (D? — 1)y = 5x — 2

Auxiliary equationis: m?2 —1=0
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> m==1

— X -X
C.F.= cie* + cye

Pl = f(D) Fl) =3

2)

= (5x = 2)

-(1- DZ)
= —(1-D?)"1(5x — 2)
—[14+ D%+ -](5x — 2)

= —(5x —2)
~P.l==5x+2
Complete solutionis: y = C.F. +P.l
>y = e¥+ce ™ -5x+2
Example 16 Solve the differential equation: (D* + 4D?)y = x%2 + 1
Solution: Auxiliary equation is: m* + 4m? = 0
> m?(m?+4)=0
>m=0,0,%2i

C.F.= (cq +c3x) + (c3cos 2x + ¢, sin 2x)

Pl = f(D) FOO) =5

D2 x*+1)

- D4+4D2 (x* +1)

=———= (x? +1)
4D2(1 —)

:4.7(1"'7) 1(x2+1)

L -2t + )

4-D2

4D2(x +1__)
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= ()
=2 [ (x*+2)dx
=5(5+3)
= (G

4 2
~Pl= l(x_+x_)
4 \12 4

Complete solutionis: y = C.F. +P.l

4 2
=y = (c; +cyx) + (c3c082x + ¢, Sin2x) + = (12 + x:)

Example 17 Solve the differential equation: (D? — 6D + 9)y = 1 + x + x2
Solution: Auxiliary equation is;: m> —6m+9 =0

= (m-3)2=0

>m=3,3

C.F.=e3*(c; + cx)

P'I':f(p) ()—D2 6D+9(1+x+x)
=9<_£+D_2)(1+x+x)
3 9
o\ 1
1 2D D
1 D2 2D D?\? 2
=35 1+(——?)+(?—?) +---](1+x+x)
2
=§1+———+ﬂ+---](1+x+x2)
1
=1+ 24+ 2 A+ x+a?)

HEEF TN
9 3 3 3
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sPI=2(24 24 42)
9 \3 3

Complete solutionis: y = C.F. +P.l
=y = e¥(¢ + cx) + $(§+7?x+x2)

Case IV: When F(x) = e™g(x), where g(x) is any function of x

1 ax — ,ax
Use the rule: 5 € gx) =e (f(D+a) g(x )>

Example 18 Solve the differential equation: (D? + 2)y = x2e3*

Solution: Auxiliary equation is: m? +2 = 0

=m = +V2i

C.F. = (c; cos(v'2 x) + ¢, sin(:v/2 x))

P.I. F(x) x2%e3x

f(D) _-D2+2

1
— p3x xz
(D+3)%2+2

1
— 53X xz
D2+6D+11

e3x 1 2
= 6D D?2 X
1 (1 ——+——J

-1
— (14 (24 D_2)> 2
11 11 11

3x [ 2 2\ 2
_ & 1_(@4_ D_)+(g+ D_) +...]x2

11 11 11 11 11
3x 2 2
e 6D D 36D
= [1-2- 242 p
11 11 11 121
3x 2
e D 25D
= [1-24+ 224 ]x?
11 11 121

3x
e 12x
11 11 121
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e3% 12x 50
cPl = (- 2
11 11 121

Complete solutionis: y = C.F. +P.l

=y = (c; cos(v2x) + ¢, sin(+v2 x)) + % (xz 2=y 5—0)

11 121
Example 19 Solve the differential equation: (D3 + 1)y = e** sinx
Solution: Auxiliary equationis: m®+1=0
=>m?=-1

1+4/3i

>m=-—1,
2

CF.=cie™+ eg (cz cos (?x) + c5 sin (?x))

1 1 o
P.1. = F(x) =3¢ sinx

sin x
(D+2)3+1

2x

sin x
D3+6D2%2+ 12D+9

1 : :
= e?* —————sinx , Putting D? = —1
—D—6+ 12D+9

1 .
= e?¥ sin x
11D+3

oy 11D-3

= e¢*¥ ———sin x, Rationalizing the denominator
121D%-9

2X
= —%(111) — 3)sinx , Putting D? = —1

2Xx

~Pl =—=—(11cosx — 3sinx)
130

Complete solutionis: y = C.F. +P.l
=y =ce 4+ 632_6 (cz cos (?x) + c5 sin (?x))

2Xx
—%(Mcosx — 3sinx)
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d?y

Example 20 Solve the differential equation: e 4y = x sinhx
Solution: = (D? — 4)y = x sinhx
Auxiliary equation is: m? —4 =0
=> m==2
CF.= cqe®™ + c,e™*
Pl =— F(x)
f(D)
= (x sinhx)
f(D)
1 eX—e™X . eX—e™X
= (x ) v sinhx =
D2—4 2 2
1 ( ex e_x)
= X——Xx—
D2—4 2 2
ex 1 e™* 1
=X —— X
2 (D+1)%2-4 2 (D-1)%-4
e* 1 e ™ 1
=— X — X
2 (D%2+42D-3) 2 D2?-2D-3
_ e 1 X e 1 X
- 2 - 2
2 —3(1—%—?) 2 —3(1—%+?)

- @] - -2

-2 (14 2o (1- )

X —-X
--2(x+Y+ (-
6 3 6 3

_ x (ex— e_x) 2 (ex+ e_x)
3 2 9 2

X . 2
~ Pl = —gsmhx —;coshx

Complete solutionis: y = C.F. +P.l

- X . 2
>y = e + e 2"—;smhx—;coshx
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Example 21 Solve the differential equation: (D% + 1)y = x? sin 2x

Solution: Auxiliary equationis: m?+1=0

>m= *i

C.F.=c;cosx + c,sinx

Pl =—F() =

f(D)

— : 1 2 ,12x
Imaginary part of o Xe

Now xzeLZx — ele x2
D2+1 (D+2i)%2+1
i 1
— ele ' ' xz
D2+4i%+ 4iD+1
i 1
— ele . xz
D2+ 4iD-3
_ pi2x 1 2
— ¢ T pz_m)¥
3 3
—el2x pz  aip\]"! ,
= []_ — (— + —)] X
3 3 3

sz[1+ T+ ) (21 ]xz

—el2xy D2 4iD = 16i%D2
= 1++—+ ] x?
3 9
—el2xp 13D2  4iD
= 1- + —[x2
3 | 9 3
—el2xp 26 . 8x
= x2——=+i—
3 | 9 3

=—2(cos 2x + i sin 2x) [xz SR
3 9 3
. — ; 1 2 20 —_1(8% 2 _ 26
=~ P.I. = Imaginary part of sa X e ; ( S COs 2x + (x . )sm Zx)
= —%xcos 2x + %(26 — 9x2) sin 2x
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Complete solutionis: y = C.F. +P.l

=7y =, C08x + ¢, Sinx —S?XCOSZX +%(26 — 9x2) sin 2x
Example 22 Solve the differential equation: (D? — 4D + 4)y = x%e?* sin 2x
Solution: Auxiliary equation is: m? —4m+4 =0
= (m —2)?
>m=22
C.F.=(c; + cx)e?*

Pl =—— F(x) = x%e%* sin 2x

f(D) D?2-4D+4

1
— er

2 -
x“sin 2x
(D+2)2-4(D+2)+4

1 .
= e?* —x?sin 2x
DZ

1 :
= e[ x?sin2x dx

= e 2| (737) - @0 () + @ ()]

1[ 1 1 1
= ezxs[—zxz cos 2x + X sin 2x + , COs 2x]

= e%* [—%fx2c052x+ %fxsiandx+ifcostdx]

— 2% [_%[(xz) (sinZZx) (2x )( cost) n (2)( sm2x)] n

12v—cos2x2—1-sin2x4+14sin2x2

a2
~ Pl =e%* [isin 2x —Zcos 2x + >sin Zx]
4 2 8
Complete solutionis: y = C.F. +P.l
A2
=y = (¢ +cx)e?™ +e?* [% sin 2x — gcos 2x + gsin Zx]
Case V: When F(x) = x g(x), where g(x) is any function of x

Use the rule: —(x g(x) = xf(D)g( x) + (dD f(D)) g(x)
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Example 23 Solve the differential equation: (D% + 9)y = x cos x

Solution: Auxiliary equation is: m? +9 =0

>m = +3i

C.F. = (¢, cos 3x + ¢, sin 3x)

P.1.
f(D) Feo =
_ -2D
= Dore) COSX
= xﬁ cosx + (__11[;)2 cos X, Putting D? = —1

X COSX 2D cosx

8 64

X COSX 2D cosx

8 64

X COSX sinx
8 32

~P.l =

Complete solutionis: y = C.F. +P.l

. xcosx | sinx
=y =, €0S83x + ¢, sin 3x + T+ -

Example 24 Solve the differential equation:
(D? — 1)y =xsinx + (1 + x?)e*
Solution: Auxiliary equation is: m? —1 =0
>m==1
CF.=ce* +c,e*

Pl = (D) F(x) =

*)e*)

sin x

1 ) 1, -2D
D2-1 ~ 7 p2—1 (D2-1)2
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sin x, Putting D% = —1

= x—— sinx + —=
T T o1 (-1-1)?

= —%(xsinx+cosx)

1
D2-1

1
(D+1)2-1

Also (1 +x%)e* = e* (1+x?)

X 3 2
%P1 == (xsinx + cosx) +e—[x——x—+3—x]
2 2Lz 27 2

Complete solutionis: y = C.F. +P.I

1 . e*[x3 x?  3x
=y =ce*+ce* —E(xsmx+cosx) +7[?—7+7

Case VI: When F(x) is any general function of x not covered in shortcut
methods | to V above

Resolve f(D) into partial fractions and use the rule:
1 —
— F(x) =e % [ e F(x) dx
Example 25 Solve the differential equation: (D2 + 3D + 2)y = e®”
Solution: Auxiliary equationis: m?> +3m+2 =0

>m+1)(m+2)=0
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>m=-1,-2

CF.=cie™ + e

ex
P.l. f(D) Fl) = D2+3D+2 €
— 1 e*
- (D+1)(D+2)

- ((D-ll-l) B (Diz) ) et

=e ™ [eXe dx — e™?* [e¥e dx

=e ™ [De® dx — e ?* [ e*De® dx

=e e — e"¥[e¥e®” — [e*e"dx]|, Integrating 2™ term by parts

= e *e® — e ¥ [e¥e®” — [De® dx]

= e%e®" — e 2 [e%e” — ']
AP = e 2xee”

Complete solutionis: y = C.F. +P.l

oy = e + cpe2F 4 o2l

Example 26 Solve the differential equation: (D? + 4)y = tan 2x

Solution: Auxiliary equation is: m? +4 =0

=>m= 12

C.F. =c¢; cos 2x + ¢, sin 2x

Pl = =
f(D) ( )
= %tan 2x
(D-20)(D+20)
1 1 1
T4 ((D—Zi) T (p+20) ) tan 2x

P.l. = i(D_lzitan 2x) —l(—tan Zx) ....... @

D+2
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Now D_Lzl,tan 2x = e [ e™2% tan 2x dx
= e2?™ [(cos 2x — isin 2x) tan 2x dx

_ le _ sin?2x
= [(sin2x — i ——)dx

1-cos?2x
= Z‘xf(sm2x—1 )dx

0S2Xx

= eZixj(siHZx—isec2x+ic052x)dx

. 1 [ [
= g% (—Ecos 2x — Eloglsec 2x + tan 2x| + Esin Zx)

: DTtan 2x =e?¥ (—%e‘Zix —éloglsech + tan 2x|) ..©

Replacing i by -i

mtan 2x = e %X (—%e”x + éloglsec 2x + tan 2x|) 6

Using @and @ in O

1 [QZix (_%e—m — éloglsec 2x + tan 2x|)]

4i

P.l.=

1

—— e‘Zi"( e?* 4 - loglsec 2x + tan 2x|)]
41 2

1

41 2

1 ele+ e—le

= — —lfloglsec 2x + tan 2x|]

~P.l= —i[cos 2x log|sec2x + tan 2x|]
Complete solutionis: y = C.F. +P.l.

=Yy =, C082X + C,Sin2x — i [cos2x log|sec2x + tan 2x]]

Exercise 11A

Solve the following differential equations:

1. (D?+D?—-5D+3)y=0 Ans. y = (cyx + cy)e* + cge”

== —1—5 2i¥]pg|sec 2x + tan 2x]| +——Ee‘2ixlog|sec 2x + tan 2X|]

3x
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ko x

10.—
dx?

dty
nd’y n—
o + kyx

dz—y—Sd—y+6y=e3x Ans. y = cie? + cye3* + e3¥(x — 1)
dx? dx ' 1 2

_z+——6y = e¥ cosh 2x
dx ) )

Ans.y = cie** + ce™ +—e¥ ——e™¥
(D —1)*(D* + 1)%y = e*

2
Ans. y = (c;x + c3)e* + (c3x + ¢c4) cosx + (csx + ¢cg) sinx + %ex
(D% — 6D +9)y = x2 + 2e?*
Ans. y = (c1x + c;)e3* +$(x2 + %x + g) + 2e2*

(D?+ D —2)y =x+sinx
Ans. y = ce % + c,e* —i(2x+ 1) —1—10(cosx+ 3 sin x)

(D?+ D)y =(1+e*)?
Ans.y =c; + e +x— (1 +eMlog (1 +e%)

(D? + 5D + 6)y = e"**sec?x (1+2tan x)
Ans.y = cie?* + c,e 3 + " (tanx — 1)

dz_y d_y_ - _ 2x
2T 4dx 12y = (x — 1)e

2Xx 2 9
Ans. y = c,e? + c,e”% + %(x? - ;x)

d?y dy 3
—3 +2y 4x+ex,g|veny—1 =—1whenx =0

3x

Ans.yz—%ex—262x+2x+3+7

11.4 Differential Equations Reducible to Linear Form with Constant
Coefficients

Some special type of homogenous and non homogeneous linear differential
equations with variable coefficients after suitable substitutions can be reduced
to linear differential equations with constant coefficients.

11.4.1 Cauchy’s Linear Differential Equation

The differential equation of the form:

dn
dn1+____+kn 1x + k,y =F(x)
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is called Cauchy’s linear equation and it can be reduced to linear differential
equations with constant coefficients by following substitutions:

t

x=¢e" =logx=t

dy _dydt _dy1l

dx  dtdx dtx

dy dy

> X— =
dx dt

= Dy, where D =

Slmllarlyx =D(D —-1)y,x*— =D(D - 1)(D — 2)y and so on.
Example 27 Solve the differential equation:
3 &’y

d2
x3SL 4 322

dy .
4 — T x5 +8y =13cos(logx), x>0 ... @D

Solution: This is a Cauchy’s linear equation with variable coefficients.

Puttingx = et .~ logx =t

= x d——Dy, ——D(D—l)y and x ——D(D—l)(D—Z)y

~( May be rewritten as

(bD(Db-1)(D—-2)+3D(D—-1)+D+8)y =13cost

= (D® +8)y =13cost ,D = ”
Aucxiliary equationis: m®+8 =0

>m+2)(m?*-2m+2)=0

m=-2,1+3i
C.F.= ce 2t + et(c, cos V3t + c5 sin V3t)

= % + x(c, cos(v3log x) + c3 sin(v3log x)

P.l.=

f(D)
= 13— —cost , Putting D? = —1
-D+8

=135 cost = 1352
4-D

cost Putting D% = —1
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P.I.=1§(8cost + D cost)
1 .
:;(8cost — sint)
= 1; (8 cos(log x) — sin(log x))
Complete solutionis: y = C.F. +P.l
c
=>y = x—; + x(c2 cos(\/§logx) +c3 sin(\/§logx) +
% (8 cos(log x) — sin(log x))
Example 28 Solve the differential equation:
o d?y dy x

x*—=+x—=—y =
dx2 dx y 1+x2

Solution: This is a Cauchy’s linear equation with variable coefficients.

Puttingx = et .~ logx =t
=X d——Dy, ——D(D—l)y

~(D May be rewritten as

3t

(MDD -1)+D—-1)y =

1+e2t

t
=>(D2—1)y— e’ D

1+e2t’

&=

Aucxiliary equationis: m?* —1=0
= m==l1
C.F.= cie t + cyet
- &
= + Cyx

3t

P.I = F(x) = ©

(D) D2 1 1+4e2t

1 e3t 1( 1 1 ) e3t
(D 1)(D+1) 1+e2t 2 \(D-1) (D+1)/ 1+e2t
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_1( 1 e3t 1 e3f)
T 2\(D-1) 1+e2t  (D+1) 1+e?t

3t

= (etfe‘t et — et fet=

1+e?t 1+e2t

N | =

dt) D—ia F(x) =e % [e™F(x) dx

_ l t ezt _ —t e4-t )
o 2(e f1+e2tdt € f1+e2fdt

Put e2t = u = 2e2tdt = du

. — Yot (L gy — ot [
~P.1= 4(6 f1+udu € f1+udu)

1 ¢ ltu-1
=Z(etlog(1+u)—e tf du)

1+u

_ 1( ¢ _ ot __r
= 4(6 log(1+u)—e f(l 1+u) du)
= i(et log(1 +u) —e t(u—log(1 +u))
= %(et log(1 + e?t) —e~t(e? —log(1 + e?))
1 2y _ 1.2 2
= —-(xlog(1+ x*%) (x* —log(1 + x2)

4 x
= %(x +§)log(1 + x?) —E
Complete solutionis: y = C.F. +P.l

1 1
>y = %+czx+ Z(x+;)log(1+x2)—§

1 1 1
>y = %+63x+ Z(x+;)log(1+x2) ) C3=Cp =7
Example 29 Solve the differential equation:
x2D? —2xD—4y = x?>+2logx, x>0 .. @

Solution: This is a Cauchy’s linear equation with variable coefficients.

Puttingx = e* -~ logx =t

d

= xD = 6y, x’D? = 6(6 — 1)y ,SEE

~(D May be rewritten as
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(66 —1)—26—4)y = e?* +2t
= (62—-386 —4)y =e? + 2t
Auxiliary equation is: m2 —3m—4=0
>m+1)(m—-4)=0
> m=-14

C.F.=cje”t + ce*t

G, C
T ox x4
Pl=— F(x) = ——— (e? +2t)
Y {C)) §2-35-4
_ 1 2t 1
= 57-35-4° 62—36—42t
=letyp— 14 Putting § = 2 in the 1*' term
-6 _4<1_5_+£)
4 4
2t 2 -1
_ e _1<1_ (Lﬁ)) .
6 2 4 4
_g2t 2
6 2 4 4
6 2 4
-x? 1 3
RS P.I.—T—E[logx—z]

Complete solutionis: y = C.F.+P.I

—x2 1[10 X 3]
x x* 6 2 & 4

11.4.2 Legendre’s Linear Differential Equation

The differential equation of the form:  k,(ax + b)" % +

n—1

d""y
k, (ax + b)" 1 =

is called Legendre’s linear equation and it can be reduced to linear differential
equations with constant coefficients by following substitutions:

d
btk (ax+b)d—z+ k,y = F(x)
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(ax +b) = e* =t =1log(ax + b)

dy _dydt _dy a

dx  dtdx  dtax+b

= (ax + b) ad—y = aDy,where D = %

.. d2y
Similarly(ax + b)? == a’D(D — 1)y
d3y
(ax + b)3§ = a®*D(D — 1)(D — 2)y and so on.
Example 30 Solve the differential equation:

(3x+2)2 +3(3x+2)——36y—3x +4x+1 ... @

Solution: This 1s a Legendre’s linear equation with variable coefficients.

Putting (3x + 2) = e -~ t=1log(3x + 2)
= (B3x+ 2) = 3Dy, (3x + 2)2 =3?D(D — 1)y
Also 3x? +4x + 1 = %(9x2 + 12x + 3)
= 2((B0)?+232x +4—4+3)
= ~(Bx+2)2-1)
= (e -1
-~ May be rewritten as
(9D(D — 1) + 9D — 36)y = i(e” -1)
= 9(D? — 4)y = g(e% - 1)

Aucxiliary equation is: 9(m? —4) =0
= m=42

C.F.= cie™? + ¢ e?t

= G +2)2 + ¢, (3x + 2)?
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—_ = 2t
) Fx) = 9(D2 —4) 3( -

zi( L eor)
27 \(D%-4) (D2%-4)

= i(ie“ — Le"f) Putting D = 2 in 1% term, it is a
(0-4)

27 \2.2
case of failure .. ——e2t = t——e2¥, also D = 0 in the 2" term.
(D#-4) f(2)
Pl=—(te? +3)
27 \4 4

-1 (log(3x+2) (3 n 2)2 _)

27

E [(Bx + 2)%1log(3x + 2) + 1]

Complete solutionis: y = C.F. +P.l

=Sy = + ¢,(3x + 2)? + — [(3x + 2)?log(3x + 2) + 1]

(3x +2)2

Example 31 Solve the differential equation:

(x + 1)2 + (x + 1) +y =2sin(log(x + 1)), x>—-1....... )

Solution: This is a Legendre’s linear equation with variable coefficients.
Putting (x + 1) = et -~ t=log(x+ 1)
= (x+1) —Dy (x+1)2 =1°D(D — )y
~( May be rewritten as
(D(D—-1)+D+ 1)y = 2sint
= (D? + 1)y = 2sint
Aucxiliary equationis: (m?+1) =0
> m==i
C.F.= c;cost+c,sint

= ¢, cos(log(x + 1)) + ¢, sin(log(x + 1))
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_ ! 2
= Grio)? +c,(3x + 2)

Pl=— F(x) = —

2sint
f(D) D241

:2t$ sint, Putting D? = —1 , case of failure

1 . 1 .
e 0?11 sint = t%SIHt

=t [sintdt = —tcost
=~ P.l= —log(x + 1) cos (log(x + 1))
Complete solutionis: y = C.F. +P.I
y = ¢; cos(log(x + 1)) + ¢, sin(log(x + 1)) — log(x + 1) cos (log(x + 1))
11.5 Method of Variation of Parameters for Finding Particular Integral

Method of Variation of Parameters enables us to find the solution of 2™ and
higher order differential equations with constant coefficients as well as variable
coefficients.

Working rule

Consider a 2" order linear differential equation:

2
u_{_P%_FQy =F(x)....... )

dx2

1. Find complimentary function given as: C.F. = c,;y; + ¢, ¥5,

where y, and y, are two linearly independent solutions of (D

noove| o _
2. Caleulate w = |, 7|, wis called Wronskian of y,; andy,
Yyi V2
3. Compute u; = _f%(x)dx, w, = fylslfx) dx

4. FindP.l. = w,y; + uyy,
5. Complete solution is given by: y = C.F. +P.I

Note: Method is commonly used to solve 2" order differential but it can be
extended to solve differential equations of higher orders.

2
Example 32 Solve the differential equation: % +y = cosecx
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using method of variation of parameters.

Solution: = (D% + 1)y = cosecx
Aucxiliary equation is: (m? +1) =0

=> m==i

C.F.= c;cosx + cysinx = ¢ y; + ¢3)5

~y; =cosx and y, = sinx

cosx Sinx

W=|y1, YZ,|=| ; |:1
yi V2 —sinx cosx

u1=—f%(x)dx=—fsinx cosecx dx = — [1dx = —x
U, = f%(x)dx = [cosx cosecx dx = [ cotxdx = log|sin x|
~Pl=uy; + uzy,
= —xcosx + sinx log|sin x|
Complete solutionis: y = C.F. +P.I
=y =, C0sXx + ¢, sinx — xcosx + sinx log|sin x|
Example 33 Solve the differential equation: (D? — 2D + 1)y = e*
using method of variation of parameters.
Solution: Auxiliary equationis: (m? —=2m+1) =0
> m=1,1
CF.= (c; +cyx)e* =cie* +cxe® =iy, + ¢y,

~y;=e*andy, = xe*

Yi Y2 e* x e* 2
|J’1' Y2 '| e* xe*+ e*
XX 2
u1=—f%(x)dx=—fx;§ dx=—fxdx=—x?
XpX
u2=f%(x)dx=feezex dx = [1ldx = «x
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~Pl=wy +uzy,

2 2

X X
= ——e* + x%e¥ =—¢”
2 2

Complete solutionis: y = C.F. +P.I
x2
=y =(c; +cyx)e* +7ex

2
Example 34 Solve the differential equation: % + 4y = xsin2x

using method of variation of parameters.

Solution: = (D% + 4)y = x sin 2x
Aucxiliary equationis: (m? +4) =0

= m=1x2i

C.F.= c¢;cos2x + ¢, sin2x = c1y; + ¢35

s y; = cos 2x and y, = sin 2x

:|J’1 3’2|_ cos 2x sin2x|:

yi' ¥ 'l T 1=2sin2x 2cos2x

u, = —f%(x)dx = —%fxsinZZx dx = —ifx(l—cosllx)dx

-t () - o (=)

2 .
X X sin4x cos 4x
[ ]
16 64

U, =f%(x)dx =%fxsin2xc052x dx = ifxsinélx dx

-2[(-222) - oo (-2

X COS4x sin 4x
= -2+
16 64

~Pl=wy, +uzy,

x sin 4-x cos 4x
16

X COS4x sin4x
_ 4 sintx)

] + sin 2x
16 64

= cos 2x [—%+
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= f—é (sin 4x cos 2x — cos 4x sin 2x) + 61—4 (cos 4x cos 2x + sin 4x sin 2x)

x2 x . 1 x2
——cos2x =—sin2x 4+ —cos2x ——cos 2x
8 16 64 8

Complete solutionis: y = C.F. +P.I

. x . 1 x?
= Yy =1 C0S2X + Cy sm2x+gsm2x+ac052x —gCOSZX

Example 35 Solve the differential equation: (D? — D — 2)y = e(©*+3%)
using method of variation of parameters.

Solution: Auxiliary equation is: (m? —m —2) =0

> m=-12

CF.= e +ce™ =y + 6y,

sy, =e*andy, = e?*

_ V1 Y2 ] e™ e2x _ x
W = 1 = —x 2wl = 3e
yi V2 —e 2e
x x
_ Y2 F (%) _ 2% o (€7 +3x) _ e2Xge” g3x
w == [HE = - [ —da = - [

:—%f e* e dx , Putting e* =t = e*dx = tdt

uy = —2 [ 3etdt = —=[(t3)(e") — B2 (e?) + (61) (") — (6)(eV)]
= u; = —<-[e% — 3¢%* + 6e* — 6]

—x ,(eX+3x) —xge¥ ,3x x e*
R e
~Pl=uy; +upy,

X _y e* 2x

S 39_ [e3* — 3e2* + 6e* — 6] + ——

=< [3¢* — 6+ 6¢7]
Complete solutionis: y = C.F. +P.l
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ex
Sy=cge*+c e+ eT [3e* — 6 + 6e7¥]

Example 36 Giventhat . y; = xand y, = 1 are two linearly independent

dzy dy

solutions of the differential equation: x?2 T TY THXF 0

Find the particular integral and general solution using method of variation of
parameters.

1dy 1, _1
Solution: Rewriting the equation as: — +de =Y =7
Giventhat . y; = xand y, =
~CF. =y, + ¥, = c1x + i—z
)’1 | _ x __2
yl 1 X
x?
[ Y2F) _ llf _ 1 -1
U = f—W dx—fx.x.2 = f dx logx
_ (VF) 1x _ o x?
u, = [ = dx = fx.xzdx— "

~Pl=wy; +uzy,
=X _x
208X ]

Complete solutionis: y = C.F. +P.I
— 2, X _x
Sy =cx+ - +210gx ”
2
Example 37 Solve the differential equation: x? % - 4x% + 6y =x%logx
using method of variation of parameters.
Solution: This is a Cauchy’s linear equation with variable coefficients.

Puttingx = et - logx =t

Zd

> xZ =Dy, x2=X=D(D - Dy
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~ Given differential equation may be rewritten as
(D(D—1) —4D + 6)y = te?t
= (D? = 5D + 6)y = te?*
Auxiliary equationis: (m—2)(m—-3) =0
> m=23
C.F.= ce® + et = ¢y, + 6y,

~y; =e?andy, = 3

Y1 Vs 2t 3t
W=| / ’|=|ezt e3t|:e5t
Yi Y2 Ze 3e
. Y2F(t) . e3tte?t . 2
w=—[FFdt=—[——dt= - [tdt= ——
eZtteZt

uy = (28 qe = [T dt = [te~tdt = [()(—e™") — (1)(e™)]

-t _ -t

= —te e

~Pl=wy; +uzy,

2
= —%eZt — (te7t +e7Hed

= _Bert et o2t = 2 (§+ t+ 1)
Complete solutionis: y = C.F. +P.l
2
=y =ce®t +c,e3t —e?t (t;+ t+ 1)

2
ory=clx2+c2x3—x2(@+logx+1)

2
=y =c3x? + ¢y x3 —%(logx)2 —x%logx,c3=¢, — 1

11.6 Solving Simultaneous Linear Differential Equations

Linear differential equations having two or more dependent variables with
single independent variable are called simultaneous differential equations and
can be of two types:
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Type 1: f1(D)x + f2(D)y = F(®) , g1(D)x + g(D)y = G(¢), D = ;

Consider a system of ordinary differential equations in two dependent variables
x and y and an independent variable t:

fiD)x + f,b(D)y=F(t), g1.(D)x+ g(D)y =G(t),D =—
Given system can be solved as follows:

1. Eliminate y from the given system of equations resulting a differential
equation exclusively in x.

2. Solve the differential equation in x by usual methods to obtain x as a
function of t .

3. Substitute value of x and its derivatives in one of the simultaneous
equations to get an equation in y.

4. Solve for y by usual methods to obtain its value as a function of t.

Example 38 Solve the system of equations: % +y =et, ‘ji—f —x =et

Solution: Rewriting given system of differential equations as:

Dy—x=et...@ D=2

Multiplying D by D

= D?’x+Dy=e*....Q
Subtracting @ from (@), we get
(D2+Dx=et—et ... @

which is a linear differential equation in x with constant coefficients.
To solve @ for x, Auxiliary equationism?+1 =10
=>m = *i

C.F.= cicost+c,sint

. P T S S
P.l. f(D) FO) = ) = p2+1° p2+1°
= iet — ie‘t, Putting D = 1 and D = —1 in 1* and 2™ terms respectively
o — ; 1 1 —¢
nX=crcost+cysint+oet — ~e Tt ®
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Using ®in ® = D [cl cost + ¢, sint +%et — %e‘t] +y=et
= [—c1 sint + c, cost +%et + %e‘t] +y=cet
— - 1t _ 1 ¢
=y =csint—cycost+-ef— et ®
(® and ©® give the required solution.

Example 39 Solve the system of equations: ti—f +y =0, % +x =0

giventhat x(1) =1, y(-1) =0
Solution: Given system of equations is:
dx _
tg +y= 0...... @
y _
t—+x=0 ......@,d
Multiplying @ by ¢t —

d dx
ta(tzi-y) =0

d?x dx dy
= 2~ —_ _ =
St +t—=0 ... @

Subtracting @ from 3, we get

which is Cauchy’s linear differential equation in x with variable coefficients.
Puttingt = ek -~ logt =k

dx _ 2 d%x _ _ _d
=t =Dy, ?E=D(D-1x , D=2

~ @ may be rewritten as

MOO-1)+D—-1Dx=0 ...... ®

> D*-1)x=0

Tosolve ® for x, Auxiliary equationism? —1 =10
>m=+1

CF.= cef+ce ™= it + CTZ
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. . d C2 _
US|ng@|n®=>tE(c1t+7)+y—0
Also giventhatat t=1,x=1andat t=-1,y =0

Usingin®and @ ¢; +c¢c, =1, ¢;—¢c, =0 $C1=C2:%

Usingc; = ¢, = % in ®and @, we get

2+ =160

Example 40 Solve the system of equations:

2

d?x d
t2+y = sint, ﬁ+x = cost

d

Solution: Rewriting given system of differential equations as:

D*x +y =sint......D
D%y +x =cost ..., D=2

Multiplying O by D?

D?*(D*x +y) = D%sint

= D*x + D?y = —sint .....®
Subtracting @ from 3, we get

(D* — 1)x = —sint — cost ....... @

which is a linear differential equation in x with constant coefficients.
Tosolve @ for x, Auxiliary equationism*—1=0

> m2-—1)@m2+1)=0

>m==1,+i

CF.=ciet+c,e”t +(cacost+c,sint
1 2 3 4

Pl = f(D) F@t) = 1% =) D4—1

cost
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Putting D2 = —1 i.e. D* = 1in 1% and 2" terms, it is a case of failure
~ Pl = —t%sint - t%cost
4D 4D
= lsint+ fZcost putting D2 = —1
4D 4D
= —Zcost+ Zsint
4 4
— t —t : trcs
~x = (ciet +ce™") +(c3cost + c,sint) +Z(sm t —cost)....... ®
Using ®in @
= D? [clet + c,e”t + (cgcost + ¢y, sint) +£(sint — cos t)] + y =sint
t t - t - 1 -
=>D[c1e —cye” —C3Slnt+C4COSt+Z(COSt+Slnt) +Z(51nt—cost)]
+y =sint
t _t . t . 1 -
= [cle + c,e —c3cost—c4smt+z(—smt+cost) +Z(cost+smt)

1
+Z(cost+sint) +y =sint
>y =—(cet +ce ")+ (cgcost+cysint) + G + %) (sint — cost) ...®
® and ® give the required solution.

Type I1: Symmetric simultaneous equations of the form % = == —

. . . . . d d d
Simultaneous differential equations in the form —~ = % = — can be solved

by the method of grouping or the method of multipliers or both to get two
independent solutions: u =c¢,;,,v=c,; Where c; and c, are arbitrary
constants.

Method of grouping: In this method, we consider a pair of fractions at a time

which can be solved for an independent solution.

Method of multipliers: In this method, we multiply each fraction by suitable

multipliers (not necessarily constants) such that denominator becomes zero.
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- d d d dx+bdy+cd
If a, b, c are multipliers, then = = & = Z = 22220077
P Q R aP+bQ+cR

Example 41 Solve the set of simultaneous equations:

dx _ dy _ dz
(z2-2yz-y?)  (xy+zx)  (xy-zx)

Taking x, v,z as multipliers, each fraction equals

xdx+ydy+zdz __ xdx+ydy+zdz

(xz2-2xyz-xy2%+ xy2+xyz+xyZ-%x22) 0

= xdx+ydy+zdz=0

2 2 2
Integrating, we get % + y; + Z; =c,

1% independent solution is: u = x2 +y%2 +z%2 =¢;......D

Now for 2" independent solution, taking last two members of the set of

equations: =22 = %
g 04D x0-2)

= (y—2)dy = (y +2)dz
= ydy — (zdy + ydz) — zdz =0
= ydy —d(yz) — zdz =0

Integrating, we get

2 2

(D and @ give the required solution.

Exercise 11B

Q1. Solve the following differential equations:
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2
i. xZ%—Bx%+4y=(1+x)2

Ans. (y = (¢ + ¢, log x)x? +7 St 42 (logx) )

2dy+4x ~+2y=e"

AnS. (_’y = ; x_2 x_2>

i, (2x+3)2 2 - (2x +3)2 - 12y = 6x

3+4/57 3—/57

Ans. (y = c;(2x+3) + +c(2x+3) + ——(2x+3)+2)

iv. (x+ 1)2 + (x + 1) —ty=4 cos(log(x + 1))

Ans.(y = C1 Cos(log(x + 1)) + ¢, sin(log(x + 1)) + 2log(x +
1.simoga+1

Q2. Solve the following differential equations using method of variation of
parameters
d2

i + vy = xsinx
dx2 Y=

. 1 X . x?
Ans. (y = ¢y cosx + ¢, sinx +gcosx +Zsmx—:cosx)

ii. (D? — 1)y = e **sine™™

Ans. (y =c,e* + c,e ™ —sine™

—e*cose™™)

iii. (D? —2D)y = e*sinx
Ans. (y = ¢; + c,e?* — %ex sin x)

i %y 22 = ¥
iv. A =e*logx
dx? &

Ans: (y = ¢; + c,e®* + %ex(Z log x — 3))

Q2. Solve the following set of simultaneous differential equations

- dx _ —0 YW_9r_cy=
I. m 7x+y =0, m 2x =5y =0

Ans:(x = e%(c; cost + c,sint),y = e®(c; — ¢;) cost + (¢, + ¢p)sint) )

ii. D+Dx+@D+y=et, D-Dx+D+1y=1
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Ansi(x = et + e +2e7t,y = 3ciet + 2c,e7% + 3e7F)
iii dx _ dy _ dz
' (z2-2yz-y2)  (xy+zx)  (xy—zx)

Ans{xy —z =c¢;, x> —y? 4+ z% = ¢,)
11.7 Previous Years Solved Questions
Q1. Solve (D*+D +1)2(D—-2)y=0

(Q1(h),GGSIPU, December 2012)

Solution: Auxiliary equationis: (m? + m + 1)2(m —2)y =0.......

Solving @, we get
>m=2--+20,— -+
2 2

CF.= e + e_Tx[(c2 + 5 x) COS?X + (¢4 + c5x) sin?x
Since F(x) = 0, solution is given by y = C.F
>y = ce*+ e_Tx[(c2 + c3 x) cos?x + (c4 + Cc5X) sin?x
Q2. Solve (D? — 1)y = coshx cosx

(Q8(b), GGSIPU, December 2012)
Solution: Auxiliary equationis: m?* —1=0
> m=+=1

CF.= cie*+ c,e™

1
P.l.=— F(x)
(D)
1 eX+e X eX+e X
= CoS X w coshx =
D%2-1 2 2
1 e* e X
= —COSX +—cosx
D2-1\2 2
= e? ! cosx + e’ L COS Xx
T2 (D+1)%2-1 2 (D-1)2-1
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e* 1 e X

= — CcosS X +
2 (D2+2D) 2 D2-2D

COS X Putting D? = —1

= —g(ZD + 1) cosx +i—0_x(2D —1)cosx Putting D? = —1

e—x

X
= —i—o(—Zsinx+cosx)+ (—2sinx — cos x)

10

e* . e X .
E(Z sin x — cos x) _T(Z sin x + cos x)

~ Pl =
Complete solutionis: y = C.F. +P.l

—-X

e* . e ¥ .
>y = cef+ ce +E(251nx—cosx)—T(Zsmx+cosx)

2
Q3. Solve % + 4y = 4 tan 2x by the method of variation of parameters.

(Q9(a), GGSIPU, December 2012)
Solution: = (D% + 4)y = 4tan 2x
Aucxiliary equation is: (m? +4) =0
> m=12i
C.F.= c¢;cos2x + ¢, sin2x = c1y; + ¢,

=~y = cos2x and y, = sin 2x

:|y1 3’2|= cos 2x Sin2x|:
v, oy, —2sin2x 2cos2x
2
w, = _:[X%gfzdx ::-%J'shlzxtarlzx dx =:'_2_fiz;;: d
a2
—2 [ gy = —2 [(sec 2x — cos 2x) dx
COS 2Xx

= -2 Eloglsec 2x + tan 2x| — %sin Zx]
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= [sin 2x — log|sec 2x + tan 2x|]

U, =fy1;,(x)dx =%f4tan2xc052x dx = 2 [ sin2x dx

= —cos2x
~Pl=wy; +uzy,
= cos 2x [sin 2x — log|sec 2x + tan 2x|] — sin 2x cos 2x
= — cos 2x log|sec 2x + tan 2x|
Complete solutionis: y = C.F. +P.I

= y = ¢, €0S 2X + ¢, sin 2x — cos 2x log|sec 2x + tan 2x]|
Q4. Solve the system of equations: % +x =y+et, % +y =x+et

(Q9(b), GGSIPU, December 2012)

Solution: Rewriting given system of differential equations as:
D+Dx—y=et..... @
D+1)y—x=e'....0, D=—

Multiplying D by (D + 1)

= (D +1)2x — (D + 1)y = (D + 1)et
(D?2+2D +1)x — (D + 1)y = 2e*....Q
Adding @ and (3, we get

(D? + 2D)x = 3et ....... @

which is a linear differential equation in x with constant coefficients.
To solve @ for x, Auxiliary equationism? +2m =0
>m=0,-2

CF.= ¢, +ce™?

1

-1 _ t
P.l.= = F(t) =355 e
= et Putting D =1
Lx =0 et 4et ®
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Using ®in @ = D[c; + ce ™ +et]+ ¢y + e +et —y =et

= -2 +el+o+ et —y=0

® and ® give the required solution.

3x

Q5. Solve by method of variation of parametersy "' — 6y ' + 9y = ex—z

(Q8(a), GGSIPU, December 2013), (Q3(b), GGSIPU, 2™ term 2014)
Solution: Auxiliary equation is: m? —6m+9 =0
(m—3)2=0
= m=3,3
CF.= (c; +cpx)e3* =ce3* + c,x e3* = ¢y, + ¢,y

~y, =e3*andy, = xe3*

__|Y1 YZ| | e3* xe3* — 6%
yi' y2 3e3* 3xe3* + e3*
3X 3x
——fy—zsv(x)dx fxez e = —fidxz —log x
F( ) 3X ,3x 1
uzzfylwx dxzfexzeéx dx = f sdx = —~
~Pl=uy; +upy,
= —e3*logx — e3* = —e3*(1 + logx)

Complete solutionis: y = C.F. +P.I
=y = (c; + cx)e3* —e3* (1 + logx)
Q6. Solve the differential equation: Ly +2LY + e?* + sin 2x

dx3 dx?
(Q8(b),GGSIPU, December 2013)
Solution: = (D3+ 2D? + D)y = e** + sin 2x

Aucxiliary equation is: m3+2m? +m =0
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>m@m?+2m+1)=0
>mim+1)2=0
> m=0,-1,-1

CF.=c,+ e™*(cy + c3x)

Pl=—"F() =

2 .
f(D) D3+2D2+D( " + sin 2x)
— 1 2x

———sin 2x
D3+ 2D2+D D3+ 2D2+D

=—e? + —sm 2x, putting D = 2 in 1* term, D? = —4 in the 2" term

18 —4D—-8+

1 3D-8 . 1 3D-8
= —p2x _ "~ "  gin2x = —e?¥ —

18 (3D+8)(3D-8) 18 (9D2-64) sin 2x

= _er +— (3D — 8)sin 2x
100

= 1—1862" + Flo (6cos2x — 8sin2x)
Complete solutionis: y = C.F. +P.l
>y =c¢ + e *(c; +c3x) + %em + ﬁ(6c052x — 8sin2x)
Q7. Solve (D? —2D + 1)y = xe* cosx
(Q8(a), GGSIPU, December 2014)
Solution: Auxiliary equationis: m? —2m+1 =10
= (m—1)2
>m=11
C.F.=(c; + cyx)e*
P.1. F(x) = — L xe*cosx

f(D) D2-2D+1

1
(D+1)2-2(D+1)+1

— pX

X COS X

x 1
= e —=XCosXx
D2
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1
= e* =[x cosxdx

= e~ [(x)(sin x) — (1)(— cos x)]
= ex%[xsinx + cos x]
= e*[[ xsinx dx + [ cos x dx]
= ex[[(x)(— cosx) — (1)(—sinx)] + sin x]
~P.l. = e*[—x cosx + 2 sin x]
Complete solutionis: y = C.F. +P.l
=y = (¢, + cx)e* + e*[—x cosx + 2 sin x]
Q8. Solve by M.O.V.P. S¥— 2% 1y = ¢*logx
(Q8(b),GGSIPU, December 2014)
Solution: Given differential equation may be rewritten as
(D> —2D + 1)y = e*logx
. Auxiliary equation is: m?* —2m+1 =20
= (m — 1)?
>m=1,1

C.F.=(c; + cx)e* = c1y; + ¢y,
Sy, =e*andy, = xe*

X xex

W=|:V1, )’2l|= e _ 2
Vi Y2 e* xe*+ e*

X ,X
ulz_f%mdxz_f“:%dxz—fxlogxdx

fxlogxdx =1 =[(0)(xlogx —x) — (1) (1-Z)|
w [logxdx = xlogx — x

:21=x210gx—x2+x7
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=1=[xlogxdx = xz—zlogx—g

x2 le
SU=—— —10g X
1= 75 5 108

Uz = fylsl,(x) dx = fexe:;fgx dx = [logxdx = xlogx —x

2 2
~P.l= (x: — %logx) e* + (xlogx — x)xe*

2

=e* (x: — xz—zlogx + x%logx — xz)
2 3
=x7ex(logx _E)
Complete solution is: y = C.F. +P.I
2 3
=y =(c, + cyx)e* +x7ex(logx _E)
Q9. Solve (D —1)*(D +1)* =sin*~+e* +x

(Q1(a),GGSIPU, December 2015)
Solution: Auxiliary equation is: (m — 1)2(m+ 1) =0
> m=11-1,-1

C.F.= (c1 + cpx)e* + (c3 + cyx)e™

1 1 X
PlL.=—F(x) =———(sin?=+e* +x
f(D) () ((D—l)(D+1))2( 2 )
_ 1 1 _ 1 x 1
T 2D*-2D2%2+1 (1—cosx) + Di_zp2+1 © + Di_zp241%
11 ox _1__ 1 1 x 1
2D*-2D2+1 2D*-2D2+1 cosx + D*-2D2+1 e’ + D*-2D2+1 x
l 1 0ox _— l H —
Now -—-——— e~ = ,putting D = 0
1 1 1 . 2
Als0O =————cos x = =cos x putting D* = —1
2D*-2D%2+1 8
. 1 x _ 1 x _ . .
Again o € T Xipip €8s f(1) = 0, acase of failure 2 times
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— 2 1 x _ X

12D%-4 8

e*, puttingD =1

1 1
—_— ) = —
D*-2D2+1 1+(D*-2D?)

And x=[14+(D*-2D?)]x=x

1 1 x2
~Pl==—=cosx+=¢e*+x
2 8 8

Complete solutionis: y = C.F. +P.l
2
>y = (¢ tcx)e* + (cz +cx)e™ —écosx +% e* +x +%
2d%  , dy — d
Q.10 Solve x " 4x ol 6y = x*sinx
(Q3(b),GGSIPU,December 2015)
Solution: This is a Cauchy’s linear equation with variable coefficients.
Puttingx = et .~ logx =t
ay _ 2d%y _ _

= x—== Dy, x == D(D — 1)y
~ Equation may be rewritten as
(D(D—1) —4D + 6)y = e*'sinet
= (D? —5D + 6)y = e**sinet, E%

Aucxiliary equation is: m?* —5m+6 =0
>m-2)(m-3)=0
> m=2,3

C.F.= ¢ e? + c,e®t

c1x? + cyx3

1
D?2-5D+6

et sin et

-1 —
P.l.= ) F(x)

1 .
= et sin et
(D+4)2-5(D+4)+6

1 .
= et sinet = e*

t
————S
D2+3D+2 (D+1)(D+2)

ine
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4t

1
[(D+1) (D+2)

. 1,
—e ]sm et=e# [ sinet —

(D+1) (D+2)
=e*[e7! [etsinet dt — e 2! [ e?t sinet dt]

.o 1
" (D+a)

F(t) = e % [ e*F(t)dt

= e*[e t(—coset) — e ?*(—et cose’ + sinet]

sin et]

Solving the two integrals by putting et = u, .. etdt = du

~P.I=—e? sinet=—x?%sinx
Complete solutionis: y = C.F. +P.I

=y = ;X% + cx3 — x?sinx

Page | 49



