Chapter 4

Z-TRANSFORMS

4.1 Introduction

Z— Transform plays an important role in discrete analysis and may be seen as discrete
analogue of Laplace transform. Role of Z— Transforms in discrete analysis is the same as that
of Laplace and Fourier transforms in continuous systems.

Definition: The Z-Transform of a sequence u,, defined for discrete valuesn = 0,1,2,3, ...
and (u, = 0for n < 0) is defined as Z{u,} = Yoo u,z ™. Z— Transform of the sequence
u, i.e. Z{u, } is a function of z and may be denoted by U(z2)

Remark:

e 7Z— Transform exists only when the infinite series Y., u,z™" is convergent.
o Z{u,} =Y u,z " is termed as one sided transform and for two sided Z —
transform Z{u,} = Yo _ou,z"

Results on Z— Transforms of standard sequences

1.
Z{a"} =
zZ—a
Z{a"} =Yy _,atz™"
2 3 n
=1 +g+a_2+a_3+m+a_n+m
A A A VA
==, |¥<1
1—; Z
.-.Z{a”}=ﬁ <1
2.
YA
Z{1l} = ——
=——
Z{1} = sz Putting a = 1 in Result 1
VA
Z{(-1)") =
3 {(—1"} o
Z{(-1)"} = ﬁ Putting a = —1 in Result 1
4, K
Z
Zik} =
e =——
Z{k} = XookzT = kX5 0z"
1 1 1 1
—kE+;+;+;+m+;+m]
o Z{k} = i
. d
5. Recurrence formula for n?: Z{nP) = _Zaz{np—l}
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Z{nP} = Yr_,nPz ™", p is a positive integer
Z{nP~1} =y nP-lzm
Differentiating @ w.r.t. z, we get
2P = ST (-2

1 woo

=—z m—onPz™"
= ;—ZZ{nP‘l} = —z1Z{n?} using®

®6

> z{n’} = —z-Z{n" "}

6. Multiplication by n: Z{nu,} = _zdiz{un}
VA

Z{nu,} = Yo onu,z ™"

=z Z;.lo=0 Uy (—n)z
n

—n—1

d
—_ o —
=—ZY)r olUpy —Z

d _
= 232 0L (1 z™)

d _
=-z_ Crou,z™)

= —Z;—ZZ{un}

Z{n} = —Z;—ZZ{nO} using Recurrence Result 5 or 6
d
= —Zd—ZZ{l}
=—zL 2 using result 2

dz z—1
= Z{n} = %

z
z—1)2

7z’ +z
(z—-1)3

Z{n?} = _Z%Z{"} using Recurrence Result 5 or 6
d z .
=z e using Result 7
z%+4z
(z—1)3

Z{n*} =

= Z{n*} =

_(0n<0y_ % _(0n<o0. . .
Z{u(n) = {l,n > 0} R u(n) = {l,n >0 is Unit step sequence

Z{u(m)} = Looou(m)z™ = X7, 1z7"
=1+1+i2+l3+...+in+...
ZZ 4 4 z
:>Z{U,(Tl)}:;
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=0 =
10. {5( ) = {0 n = 0} 1 |s6n) = {(1)2 L g is Unit impulse sequence

Z{6(m)} = ¥ 06(n)Z‘"
=14+0+0+-
=>Z{(n)} =1

4.2 Properties of Z-Transforms
1. Linearity: Z{au, + bv,;} = aZ{u,} + bZ{v,}
Proof: Z{au, + bv,} = Y_,(au, + bv,)z™"
=aYnp—oUnZ "+ DY oV Zz "
=aZ{u,} + bZ{v,}
2. Change of scale (or Damping rule):
If Z{u,} = U(2), then Z{a "u,,} = U(az) and Z{a"u,} = U (2)
Proof: Z{a™u,} =Y pa "u,z™"
= Y=o Un(az)™ = U(az)
Similarly Z{a"u,} = U (g)

Results from application of Damping rule

: az
I. %) R —
zatn =y
Proof: Z{n} = oo = U(z) say
. Nyy) — 2\ _a __%*
~ Z{a"n} = U(a) (2_1)2 —=,
.e 2 2
Il. n.2y,_  az"ta‘z
Z{a™"n }_—(z—a)3
Proof: Z{n?} = 1)3 = U(z) say

~Z{a"m*}= U (i) Eg) (? = agi-;—;l; :

z(z—cos 9)
7z2-2zcos0+1’

zsin 6

.| Z{ cosn6} = -
z“—2zcos 6+1

Z{sinn@} =

Proof: We have Z{ ‘m"} {(e“’) } {(e“’)_n.l}

Now Z{1} = T1

{(9‘9) } elf) n v Z{a"u,} = U(az)

Z

z-e"i0
z(z—eig)

- (z—e‘ig)(z—eie)
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__ z(z-cos8 —isinf) i0

= : . et =cosb + isinf
z2-7 (ele e~ )+1 +
z (z—cos0 -isinf elt 410
= iy COSQ =
z2-2zc0s0 +1 2
Z{e_me} _ z(z—cos8) . zsin 0
722z cos 0+1 722z cos 0+1
.. z(z—cosf . z sin 6
= Z{cosnf — isinnf} = 2( L _ >
z“—2z cos 6+1 z#—2z cos 6+1
z(z—cos 0)
~Z{cosnb} = ———
z%—2z cos 6+1
. z sin 6
and Z{sinnf} = ———
{ } 722z cos 6+1 @
Iv. z(z—acos 0) . azsin 6
Z{a"cosnO} = —————, Z{a"sinnb} =
z“—2azcos 6+a

z%2-27 cos 0+a?

By Damping rule, replacing z byi in @and @, we get

z(z—acos 0) . az sin 8
Z{a"cosnb} = — ~and Z{a"sinnb} =————
z“—2az cos B+a z“—2z cos B+a

3. Right Shifting Property
For n >k, Z{u,_,} = z *Z{u,}, ks positive integer

Proof: Z{u,_1} = Xr_oUpn_rz "
= u_kZO + ul_kZ_l + .- +u_1Z_k+1 + uOZ_k + ulz_(k+1) + uzz_(k+2) + ...
=0+ u()Z_k + ulz_(k+1) + uZZ_(k+2) + .- U, = Oforn<O
= 2n—k=0Un—rZ "
= Zfﬁ:o umz_k_m
=z kY% _ju,z ™
=z7kY® ju,z7™"

=27 Z{u,}
4. Left Shifting Property
If k is a positive integer Z{u,,,;} = z* [Z{un} —uy — % — % ----- ’Z‘L‘:i]

Proof: Z{up 41} = Xn—o Unsrz "
= 2 Yo Un iz
= 2wz + ug 27O oy 273D 4]
=z¢ug twz Mt upz i+ otz ®D ez 4
—zF[ug + wz7t +upz P + oy 27 * D)

= Zk [Z?lozo unz_n - Zﬁ;(l) unz_n]

=z [Enoounz " — N o unz "]
_ Sk ui uy Uk—1
S U R =i

In particular for k = 1,2,3
Z{uy 1} = z[Z{u, } — u]

2t} = 22 | Z{u,} — ug — 2

Z
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U uz

2y} = 2% | Z{u,} —up — 22 — 22
5. Initial Value theorem:
If Z{u,} = U(2), then uy, = lim U(2)
u, = lim z[U(z)—u,]

o =i 2[00 )

Proof: By definition U(z) = Z{u,,} = Yoy u,z "
SU@) =y +2+2+2+ ..®
zZ Z Z
Uy = limU(z) = lim [uo +u—1+u—§+u—§+ ]
Z—00 Z—00 Z Z A
Again from®), we get
U@Z)—uy=2+2+2 4+
Z Zu Zu3
= z[U(2)—uy] = u; + ?2 +
= limz[U(z)—u,] = lim [u1 +2+ 24 ] =y
Z—00 Z—00 z Z
Similarly u, = lim z2 [U(z)—uo — u—l]
Z—00 z
Note: Initial value theorem may be used to determine the sequence u,, from the given
function U(z)
6. Final Value theorem:
If Z{u,} = U(2), then lim u,, = lin} (z—-1)U(z)
n—>oo V Amd
Proof: Z{u, 11 — U} = Xnmo(Wn41 — u)z™"
= Z{un+1} - Z{un} = Z;?Lo=0(un+1 - un)Z_n

= z[Z{u,} —ugl — Z{u,} = Xy—o(Upy1 —uy)z™
By using left shifting property for k = 1
= (z—-1DZ{u,} —uy = 2oy —uy)z™
or (Z - 1)U(Z) —Ug = Z?lo=0(un+1 - un)Z_n Z{un} = U(Z)
Taking limits z — 1 on both sides

lzl_fg (z—1DU@) —up = Xp—o(Uyi1 — Uy)
or lzl_r)r%L z—1DU(2) —uy = }liirgo[(ul —up) + (uy —wy) + -+ (Upyq — uy,)]
= }llirgo [t 1] — o
:>ZE{n (z—1DU(2) = uy,
or lZI_I’H (z—-1DU(z) = }liirgoun
Note: Initial value and final value theorems determine the value of u, forn = 0 and
for n — oo from the given function U(z).

7. Convolution theorem
Convolution of two sequences u,, and v, is defined as u, * v, = X —o U Vp—m
Convolution theorem for Z-transforms states that
If U(z) = Z{u,} and V(2) = Z{v, }, then Z{u, * v,,} = U(2).V(z)
Proof: U(2).V(2) = Z{u, }. Z{v, }
= [ %o=0 unz_n]-[ ;o=0 an—n]
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[u0+ R R b Hvo+ St ]

= (uyvy) + (u0v1 + ulvo)z + (uyv, + ulvl + uzvo)z

=27 o(uov, + UV F UV, o+ U, V)Z T

= OOO(Zm 0Unm v—m)Z "

= U(Z)V(Z) Z{Zm 0Um vn—m} ;?:0 unz_n = Z{un}
= U(Z)V(Z) = Z{un * vn} YU XV, = %:0 Um VUn—m
Examplel Find the Z-transform of 2n + 3 sin% — 5a*
Solution: By linearity property
Z {Zn +3 sin’%I — 5a4} =2Z{n}+ 3Z {sin nf} — 5Z{a*}
=2Z{n} +3Z {sin %} — 5a*Z{1}

2z N 3z Sin% 5042
o (z D2 z2-2zcosT+1  z-1

Z{sinnf} = _zsinb Z{1} = sz

z2—-2zcos 6+1"'

)2 ’
3z
2z Nea _ 5a%z
(z—1)2 z2—\2z+1 z—1

Example2 Find the Z—transform of the sequence {4, 8,16,32, ...}
Solution: u, = 22, n=0,1,23...
Z{2n+2} — Z{222n}

Z{2n+3sm——5a}

a

=4z{2"} =2, ||<1 z{ay == % <1
Example3 Find the Z-transform of (n + 1)?
Solution: Z{(n + 1)?} = Z{n? + 2n + 1}
= Z{n?}+ 2Z{n} + Z{1}
_ z%+4 2 2z _Z
T (z-1)3 (z 12 z-1
2 z +Z _ _Z
<z = 25 2} = Az =
Example4 Find the Z—-transform of
i.ncosnf i sin (E+£) iii. e 2" iv. al”!
2 4
Solution: i. Z{cosnf} = ZZ(Z_&
z“—2zcos6 —I—(l )
d z (z-cosf
o Z{TlCOS ng} - _ZE [22—225059 +1

d
v Z{nu,} = —zd—Z{un}
z
[—zzcose +22—cost9]
(z2-22zcos6 +1)2

_ z3c0s0 =222+ zcosH
(z2—2zcos8 +1)2

. nm T nm . T
)} =7 {sm—cos— + cos—sm—}
2 4 2 4
T . nm . T nm
=cos-Z {sm —} + sin—-Z7 {cos —}
4 2 4 2

ii. Z{sin (% +

N

Page | 6



ing (z=cos3)
:i zsiny z (z—cosy
V2 22—22cos%+1 z2-2z cos%+1
. zsin 0 z(z—cos 0)
v Z{sinnf} = 5————, Z{ cosnb} =
z4—2zcos 6+1 z4—2zcos 6+1
_l[z Zz]_1[2+22]
- V2 Lz241 z24+1 - V2 1z2+41
iii. Z{e?"} = Z{(e7®)"}
—_Z . n —_%
T z—e2 : Z{at} z—a
_ ze?
T ze2—1

iv a|n| _ {a‘", n<o
7 lahn=0
Taking two sided Z— transform: Z{a|”|} =y* __alrz™
Z{a'”'} =Ylamz "+ ¥ya%z™
2 3
=[.4+a23+a22 +az]l +[1+2+5 + 5+ -
VA Z2 Z3

=t laz| < 1and |2 < 1
-z 1— z
_ az VA i
T 1-az ' z—a '’ |z| < al and |a| < |z]
_ z(1—az) 1
T UaGa) lal <zl <35
z 1
lal < |z] < —
lal

= Z{alnl} = (z—a) )
2", n<O0

Example5 Find the Z—transform of u,, = {3n >0
Taking two sided Z— transform: Z{u,} = Yo u,z™ "
W Z{u =YL 2z 4 Y 3z
z3 z?2 z 3 32 33
=+ 5+S+ 41245454

=2+ |5|<1and§<1
1-2 13 2 z
zZ VA
=§ )Z_—3(, ) |z| < [2|and [3] < |z|
z(z—3)+z(2—z
=0 13] < |z| < 2]
VA
:>Z{u”}=zz—52+6’ . 3< |Z| <2
~ Z—transform does not exist for u, = {gn Zi 8 as the set 3 < |z| < 2 is infeasible.
Example6 Find the Z—transform of
.. + 1 . 1
. "c. . ey V. ——

. "C,0<r<n

Solution: i. Z{"C,} = X"_, "C, z"
=1+ "Ciz '+ "Cyz72+ -+ "C,z"

=(1+zH"
i, Z("TC} = X0, G, 2T
=1+ "IC z7 4+ 20, 272 4 30, 273 4+
=1+ (n + 1) Z_l n (n+2;(!n+1) Z_Z n (n+3)(n;-!2)(n+1) 2_3 .
Page | 7




=1+(-n-1D(—zH+ —(_"_1;(!‘"‘2) (—z1)2

+ (—n—l)(—r;'—Z)(—Tl—:‘}) (_Z—l)—3 + -

=(1- Z—l)—n—l
Example 7 Find the Z—transform of
=i — i, —
n! T (n4r)! " (n—r)!
. 1l _ vwo 1 __n 1 1 1 5 1 _3
I.Z{;}— n=0;Z"—1+;Z +zZ +§Z +
1
— 14—t p =l
1!z 21z 31z
1 1
=/ {;} = ez
. 1 ) v 1 n
" Z{(n+r)!} = 2m=0{y oy Z
1
Now Z{%} = ez
Also from left shifting property Z{u, ..} = z* [Z{un} —uy — uZ—l — Z—; ----- Z’;—j]

. 1 _r[ﬁ_ _i_r 1 ]
v {(n+r)!}_z € 1 z 2172 (r—1)1z7-1
e !
In particular {(n+1)!} =z |ez—1
)= [
{(n+2)!}_z € 1 z
1 Qoo 1 n
. Z{(n—r)!} n=0 (n—-r)! z

1
Now Z {%} = ez
Also from right shifting property, Z{u,_,} = z7*Z{u,}, k is positive integer

1

Z {(nir)!} =ze:

. 1
In particular {—w} =z ‘ez

(n—

1 _ 2t
{(n+2)!}_z €

Z

Example8 Find Z{u, ,,} if Z{u,} = sz +

. . . _ _ L z
Solution: Given Z{u,,} = U(z) = =t 7
From left shifting property Z{u,,} = z* [Z{un} — Uy — ”Z—l .
Now from initial value theorem u, = lim U(z)
Z—00

= lim [L + Zzz-l-l]

z—oo Lz—1
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1
= lim [—11-+ —4 ]=1+0
Z—00 - 1+;Z
Uy = 1 @
Also from initial value theorem u; = lim z[U(z)—uo]
= limz [— + 2+1 ]
2z%—z+1
- ?_I»Ic}o [(z2+1)(z 1)] 2
fuy =2 . ®
Using @and @ in @, we get Z{u,,,,} = z* [sz + ZZZ+1 —1- 5]
Z(ZZ—Z+2)

= 2t} = 50

Example9 Verify convolution theorem for u, =nand v, =1
Solution: Convolution theorem states that Z{u,, * v,} = U(z).V(z)
We know that w, * v, = X7 —o U Vn—m
=Ym=om.1

n(n+1)
2

1 o) — 0 _
= Z{u, *v,} =Xy =5[Zn=0”22 "+ ¥ronz "]

=;wm%+zmn

=0+1+2+3+-+n=

n(n+1) _
7N

l z(z+1) z ] _ l[z(z+1)+z(z—1) _ 1 222 ]
2lz-13 " @-2l T 2 (z—1)3 T2 lz-1)3
z
o Z{un * Un} = m @
z z
Also U(z) = Z{n} = =1y and V(z) = Z{1} = —

5 U@V = @

1)3
From Wand @ Z{u, *v,} = U(2).V(2)
Examplel0 If u, = 6(n) —6(n—1), v, = 26(n) + 6(n — 1), Find the Z-transform of
their convolution.
Solution: U(z) = Z{6(n) —6(n — 1)}, V(2) = Z{26(n) + §(n — 1)}
Now Z{6(n)} =1and Z{f§(n — 1)} = z~* v Z{u, i} = z7% Z{u,}
U@ =1—-z1tandV(z)=2+2z"1
Also Z{u, xv,} = U(2).V(2)
=>Z{u, *v,}=1—-z1YQ2+zH=2-2z1-272

4.3 Inverse Z-Transform
Given a function U(z), we can find the sequence wu,, by one of the following methods
e Inspection (Direct inversion)
e Direct division
e Partial fractions
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e Residues (Inverse integral)
e Power-Series
e Convolution theorem

4.3.1 Inspection (Direct inversion) method
Sometimes by observing the coefficients in the given series U(z), it is possible to find
the sequence u,, as illustrated in the given examples.

Example 11 Find u,, if U(z) =1+ %z‘l + iz‘z + %2‘3 + -

Solution: Given that U(z) = ¥, (%)n z™ o)
Also by the definition of Z-transform U(z) = Y7o u,z™" e
.Comparing Mand @), we get u,, = G)n

Examplel2 Find u, if U(z) = —(Zil)z

. z3 z-1\73 1\73
Solution: U(Z) = m = (T) = (1 — —)
U@ =1+ 24+ 2404
z  z z
X (1_x)_n= 1+nx+wx2+w‘x3+n.
2! 3!
N U(Z) _ Z;;ozo (n+1)2(n+2) e

Comparing with U(2) = Yoo u,z™ " , We get u,

Z

_ (n+1D)(n+2)
2

Examplel3 Find inverse Z-transform of 3 + : ~ 5

A
2z—1

Solution: Given that U(z) = 3 + ; —

2w =3z-1 2] iz
. w, =32°1] + 2Z [2_1] 7 _Z_%]

+1

=ty = 3000+ 2u(m) —3(5) = 38 + 2u) - )

1] =6(0), Zz71 [sz =un), Z71 [ﬁ] = q" where §(n) and
u(n) are unit impulse and unit step sequences respectively.

-5
Example14 Find inverse Z-transform of 2z72 — j—l + Z_l
z73 775
Solution: Given that U(z) = 2z72 —2— 42
z—1 2z—1

wu, =227z 211 - 771 [z .= 1 +Z [ —6;_]
2

>, =26(n-2) —un—4) +(3) " u(n—6)
- From Right shifting property Z '[z7*U(2)] = u,,_

4.3.2 Direct division method

Direct division is one of the simplest methods for finding inverse Z -transform and can
be used for almost every type of expression given in fractional form.

Examplel5 Find the inverse Z-transform of —— "
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Solution: Given that U(z) = m

By actual division, we get
z ' 4+3z272+7273

22—32+2)z
z—3+2z71

3—2z71
3—9z7 146272
7z71 — 6272
7271 — 21272 + 14773
15272 — 14773

>U(z)=z1432z7%24+7z3+
=Yro(2n-1)z "

=2"—1
. " . 472427
Examplel6 Find the inverse Z -transform of ———
247 2z4-3z+1
Solution: Given that U(z) = z;}j_ﬁ , by actual division, we get

24+ 4z 1 45272
272 — 3z + 1)422 + 2z

47° — 6z + 2
8z—-2
8z —12 4 4z71
10 — 4z71
10 — 15z 1 4 5272

11z71 — 5272

>U(z)=2+4z"1+527% +

= Yoo(6 — 227"z
=6 — 22—71

0= oot (2)

4.3.3 Partial fractions method

Partial fractions method can be used only if order of expression in the numerator is less
than or equal to that in the denominator. If order of expression in the numerator is
greater, then the fraction may be brought to desired form by direct division. Partial

fractions are formed of the expression —= ( 2 as demonstrated in the examples below.

Examplel7 Find the inverse Z -transform of

Solution: Given that U(z) =

z2—-5z4+1
z

6z2—5z+1
U@ _ 1 1
T T 6225241 (22-1) Bz-1)
U(z) 2 3
= =
z 2z—1 3z—1

no
w

L
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e, u,= 27"-3™"
472427

Examplel8 Find the inverse Z -transform of ———
2z4-3z+1

2_ —
Solution: Given that U(z) = 2:_35; = (ZZZZ_(f)Z(Zl_)l)

U@ 0 2(2z+1)
Tz 2z-1)(z-1)
By partial fractions, we get

Uz) _ -8 6
z - 2z—1 z—1
—8z 6z
=>U(z) = —
( ) 2z—1 t z—1

2y, = —4Z7 [il +6271 |-

2=
> u, = —4 (%)n +6()" vz ] =ar

n
ie. u,= —4(3) +6
Examplel9 Find the inverse Z -transform of —————
(1-z"H(2-z71)

- . - — —1
Solution: Given that U(z) = eI

Multiplying and dividing by z?2, we get

z2 z2
U(Z) o z(1-z~Dz(2-z"1) a (z—1)(2z—1)
U@ z
Tz (z-1)(2z-1)

By partial fractions, we get

U@ _ 11
z  (z-1) (2z—-1)
= U(z) = == z

z-1) (2z-1)

P [(Zfl)] —>z7 Zi_%]

> w3

e u,= 1— (l)nJr1

2
2_
Example20 Find the inverse Z -transform of ———— 42 > 2z
z°—5z4+8z—4

2_ —
Solution: Given that U(z) = 23_45222+2822_4 = (22_21()2(22_12))2

U@ 0 2(2z-1)
z (z—1)(z—2)2
By partial fractions, we get

Uz) _ 2 2 6
z  z-1 z—2 (z—2)2
2z 2z 6z
>U(z)=——-—
( ) z—1 z—2 (z—2)2
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u, =277 [Zi -2z [ ]+3Z [(z 2)2]

n

= u, =2(1)"-2(2)" +3n(2)* ~Z71! [Z—] =aq"and Z~ [ ] = na

(z—a)?
i.e. u,= 2-2"*1 4+ 3n.2"

4.3.4 Method of residues (Inverse integral)
By using the theory of complex variables, it can be shown that the inverse Z-transform

is given by u, = 21?450 U(z)z" 1dz = sum of residues of U(z)

where c is the closed contour which contains all the insolated singularities of U(z)in
the region of convergence.
Method of residues is one of the most efficient methods and can be used to find the

inverse Z- transform where partial fractions are tedious to find.

Example21 Find the inverse z-transform of ———
. z4+7z+10

Solution: U(z) = 5———
z4+7z+10
1
Now u, = —gﬁ U(z)z”‘ldz
—_ = n—l
= Un = o4 -(ﬁc z2+7z+10 dz
1 7
2mi ¢ z247z410
1 z"
2w V¢ (z+2)(z+5)
There are two simple polesat z = -2 and z = -5

o _ "

Residue at z = —2 is given by hm (z+2) G +2)(z+5) .
~ _ )

Residue at z = —5 is given by hm (z+5) G +2)(Z+5) —

. - 5
u, = sum of re3|dues:(3) +( ) {( 2)"-(-5) }
z%+2z
(z—1)(z%+1)

Example22 Find the inverse z-transform of
2242z
(z—1)(z2+1)
1 -
Now w, =-—¢ U(z)z"'dz

Solution: U(z) =

1 224z _

= U, — - 714z
21'[1 c (z— 1)(22+1)
1 z™(z+1)

2ni YC (z—=1)(z+i)(z—1)

There are three simple polesatz =1, z=—iandz =i

. L i . _ z™(z+1) —
Residue at z = 1 is given by £‘£E‘(Z 1) [ YE——
. i . . z™(z+1) =_l _an
Residue at z = —i is given by lim (z + i) "0 — = — 7 (=)
; s . . z"(z+1) =_l.n
Residue at z = i is given by lZILIl}(Z i) (Y — .

" u,=sum of residues =1 — % (=" — %in =1— % (=)™ +i")
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Example23 Find the inverse z-transform of 25

_1)3
Z(Z+1)
Solution: U(z) = 1)
Now u, ——gﬁ U(z)z" 'dz
_ z™(z+1)
T 2mi ¢C (z—-1)3 dz

Here z = 1 is a pole of order 3
1 d? [(z—=1)3z"(z+1)
Residue at z = 1 is given by 121_13} vl e ]
1,. d?
= 52‘3}_ [z"(z + 1)]

i - n-1
2'£1—r>r11dz [(n+ 1)z" + nz" ']

= ;lirrll [(n+ Dnz" 1 +n(n—1)z"?]

= [n®+n+n®>—n]=n?
u, = Sum of residues = n?

4.3.5 Power series method

In this method, we find the inverse Z - transform by expanding U(z) in power series.
Example 24 Find u, if U(z) = 10gZZ:

-1
Solution: Given U(z) = logi = log (%) = — logzzLl = —log (1 + i)
~U(z) = —log(1+y) Putting i =y

2 3 4
Y

_ YLy ey
o y+2 3+4 X

x%  x x4
: log(1+x)—x—7+?_7+...

1 1 1 1
= U(z) = —-+22—z—;+4z—4—'" fy =3

>U@Z)=0+X7 O -
Comparing with U(z) = ano u,z ", we get

0 forn=0
{(-1)"
n

,otherwise

4.3.6 Convolution theorem method
Convolution theorem for Z-transforms states that:

If U(z) = Z{u,}and V(z) = Z{v, }, then Z{u, *v,} = U(z).V(z)
U@Vl =u, *v,

2
Example25 Find the inverse z-transform of

(z—1)(2z-1)
Solution: Let U(z) = Z{u,} = and V(z) = Z{v,} = —— = l(L)

using convolution theorem.

1
1) 2 Z—E

Clearly u,, = (1)" and u, = %G)n /A ;] =q"

Now by convolution theorem Z~1[U(2).V(2)] = u, * v,
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A

> LN oe

2 n+1
-1 z — n 1
=Z [(z—l)(Zz—l)] = D)" (z)
We know that u,, * v, = X0 o U Vp—m
1)n+1—m

= (D"

S ) e
it e )]
=[5 (-07)]

S, = 1aTr(l —r™")

—q_ (%)n+1

Exercise 4A

2", n<O0
3", n=>0

Find the Z—transform of u, = .
(n—p)!

Find the inverse Z—transform of u, = S —
(z—1)(z%2+1)

Solve the difference equation y,.» + 4y,41 + 3y, =3,y =0,y; =1
using Z—transforms

Find the Z—transform of w, = {

Answers
2z

- > 3<|z| <5
z —82?15

z Pez
nm . . nm
1—cos— —isin—
2 2

1 5 3
Yo = 5,3 =5 (=3)" + (=D
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