Chapter 3

DIFFERENCE EQUATIONS

3.1 Introduction
Differential equations are applicable for continuous systems and cannot be used for
discrete variables. Difference equations are the discrete equivalent of differential
equations and arise whenever an independent variable can have only discrete values.
They are of growing importance in engineering in view of their applications in discrete
time- systems used in association with microprocessors.

Some Useful Results

> ‘A’ is a Forward difference operator such that Af (x) = f(x + h) — f(x)

AV = Ver1— Y Taking h as one unit
Ayo = y1— Yo

Ay, =y,—

Ayn = Yn+1— Yn

Also A%y, = Ay;— Ayy = (V2= 1) — 11— Yo) = ¥2 — 2y1 + Yo

Ao = Yo — "CiYn_1 + "CoYn_p — -+ (DM Cyy + (1)
Generalizing A"y, = Ypir — "CiVpsr—1 + "CVnpr—2 — -+ (=1)7y,
Properties of operator ‘A’
AC = 0, C being a constant
AC f(x) = Cf(x)
Alaf(x) £ bg(x)] = alf (x) + bAg(x)
Example 1 Evaluate the following:
i Ae™ i A% i Atan~lx iv. A ()
X“=3x+2
Solution: i. Ae* = e*th — X = g¥(eh — 1)
Ae* =e*(e—1) ,ifh=1
ii. A%e* = A(Ae¥)
= Ale*(e — 1)]
= (e —1) Ae*
— (eh _ 1) [ex+h _ ex]
=(e"-1) e*(e" - 1)




= eX (eh _ 1)2

iii. Atan™x = tan™(x + h) — tan™1x

- -1 ( x+h-x )
tan (1+(x+h)x

-1
1+(x+h)x

. x+1 _ x+1
v. A (x2—3x+2) = A ((x—l)(x—z))
A2 L 3o A(Z2 3
=A (x—l + x—Z) =4 (x—l) + A (x—z)
1 1 1 1
=2 (x+1—1 N ;) +3 (x+1—2 N xTZ)
1 1 1 1
=-2(;-5)+3(5-5)
et
x(x-1)(x-2)
» The shift operator ‘E” is defined as Ef(x) = f(x + h)
~Eyy = Yxsn
Clearly effect of the shift operator E is to shift the function value to the next
higher value f(x + h) or y,,,
Also E?f(x) = E(Ef (x)) = Ef(x + h) = f(x + 2h)
~E"f(x) = f(x + nh)

Moreover E~1f(x) = f(x — h), where E~!isthe inverse operator.

= tan

> Relation between Aand E isgivenby E =1+ A
Proof: we know that Ay, = y,,.1— W
= EYn—¥n
= Ay, = (E_l)Yn
=>A=E-1or E=1+A

> Factorial Notation of a Polynomial

A product of the form x(x — 1)(x — 2) ... (x — r + 1) is called a factorial and is
denoted by [x]"

[x] =x

[x]? = x(x — 1)

[x]3 =x(x— 1D (x—2)

x]"=x(x—1D(x—-2)..(x—n+1)
In case, the interval of differencing is h, then

[x]* = x(x — h)(x — h) ... (x —-n-1 h)



The results of differencing [x]" are analogous to that differentiating x”
Alx]™ = n[x]*?!
A[x]" =n(n — 1D)[x]"2
Alx]" =n(n—1)(n—2)[x]"3

A" [x]™ = nn—-1)Mn-2)..3.21=n!

An+1[x]n — 0
2 3
Also = [x] = i Sx]? = X nd so on
A 2 A 3

Remark:
i.  Every polynomial of degree n can be expressed as a factorial polynomial of
the same degree and vice-versa.
Ii.  The coefficient of highest power of x and also the constant term remains
unchanged while transforming a polynomial to factorial notation.
Example2 Express the polynomial 2x2 — 3x + 1 in factorial notation.
Solution: 2x? —3x+1=2x*—-2x—x+1
=2x(x—1)—x+1
=[x]?-[x]+1
Example3 Express the polynomial 3x® — x + 2 in factorial notation.
Solution: 3x3—x+2 =3[x]®+ A[x]?+ B[x] +2  Using remarks i. and ii.
=3x(x—1(x—-2)+Ax(x—1)+Bx+2
=3x3+ (A—9Dx*+ (—A+B+6)x+2
Comparing the coefficients on both sides
A-9=0, -A+B+6=-1
=>A=9, B=2
2 3x3 —x+2=3[x]2+9[x]* + 2[x] + 2

or

We can also find factorial polynomial using synthetic division as shown below
Let 3x3 —x+2 =3[x]®+ A[x]? + B[x] + 2
Now coefficients A and B can be found as remainders under x2and x columns

x3 x? X

1 3 0 -1 2
— 3 3

2 3 3 2=RB
— 6
3 I 9=A




3.2 Order of Difference Equation

Order of a difference equation is the difference between the largest and the smallest
argument occurring in the difference equation.

Order of the difference equation x,,,; —x, = 2isone “n+1-n=1

Similarly order of the difference equation x,,, — x4 +2x, =nis2 “n+2—-n=2
The equation x,,,,.x,,_; = 2x,,_, isoforder3as(n+1) —(n—2) =3

Also the equation y,,,, + y,, = 1 is having order 2.

In general, the higher the order of an equation, the more difficult it is to solve.

3.2 Formation of Difference Equations

A difference equation is formed by eliminating the arbitrary constants from a given
relation. The order of the difference equation is equal to the number of arbitrary
constants in the given relation. Following examples illustrate the formation of difference
equations.

Example 4 Write the given difference equation in the subscript notation

A%y + A%y + Ay, +y, = 0

Solution: Using the relation A™y, = vy, — "CiVpir-1 + "CoVpir—z — =+ (=1)7y,
= (Vx43 = 3Vxe2 + 3Var1 = V) + Wrsz = 2Vr01 + ¥) + W1 = 2) =0 =0
= Vx+3 — 2yx+2 + 23/x+1 =0

Example 5 Find a difference equation satisfied by the relation y = A2™ + n3™"1
Solution: Given that y, = A2" + n3"1 .. O
Since there is only one arbitrary constant A, we need only first difference
= Yo = A2 4+ (n 4+ 1)3"
= Ypp = 242" +3(n+1)3"1 O
Subtracting 2 times Mfrom @), we get the required difference equation
Yn+1 = 2Vn = (n +3)3"71
We can also form the difference equation by the method given below:
Given that y, = A2" +n3"1 ... D
Since there is only one arbitrary constant A, taking the first difference
s Ay, = AA2™ + An3™7!
= Va1 — Yo = AR —2") 4+ (n+ 1)3" —n3"?
= Y1 — Y = A2" Q2 -1)+3(n+ 1)3"1 —n3nt
= Y1 — Yy =A2"+ 2n+3)3"1 O
Subtracting Mfrom @), we get the required difference equation
= Yn41 — 2¥p = (n+3)3"71



Example 6 Find a difference equation satisfied by the relation y = ax? — bx
Solution: Since there are 2 arbitrary constants a and b , taking 1% and 2™ differences
Y, = ax? — bx
= Y =alx+1)%—b(x+1)
and y,., =a(x+2)2—b(x+2)

Eliminating arbitrary constants a and b from the given set of equations

Yy x? X

=y x+1D)?2 (x+1D)|=0
Verz (X +2)° (x+2)

= Ve[l + D?(x +2) — (x + 2% (x + D] = yppa [x?(x + 2) — (x + 2)%x]
+Yeia[x?(x+1) — (x + 1)%x] =0

= Vel + D +2)(x + 1 —x = 2)] = yppq [x(x + 2) (x — x — 2)]
+Yer2lx(x + D(x—x—-1)] =0

-~ The required difference equation is given by:
Viiz (X2 + %) = 2y, 01 (X2 +2x) + y, (x2 +3x+2) =0

We can also form the difference equation by the method given below:
Giventhat y = ax? —bx ... ©
Taking the first difference
Ay = aAx? — bAx
=a[(x+1)?—x%]—b[x+1—x]
= Ay=alx+1)—-b.. @
Again taking the second difference
A’y = 2aAx + 0
=2a(x+1—x) =2a
=>a= %Azy )
Also from @), b =a(2x+1) — Ay = éAzy(Zx + 1) — Ay using ®
= b=-Ay(2x+1) -4y .. @
Using @and @ in @, we get
y = %Azy(xz) — GAzy(Zx +1) - Ay) x
= 2y = A%y(x? — 2x% — x) + 2xAy
= (x? + x)A%y — 2xAy + 2y =0
Writing in subscript notation, we get

(% + ) WVxrz = 2Vxr1 + V) — 2X(Vy41 — Vi) + 2y, =0
= yx+2(x2 +x) — 2yx+1(x2 +2x) + yx(xz +3x+2)=0



Example7 Find a difference equation satisfied by the relation y = % +b
Solution: Since there are 2 arbitrary constants a and b , taking 1% and 2" differences

a
Ve = " +b
a
= Yx = tb
and  y,., = x% +b
Eliminating arbitrary constants a and b from the given set of equations
1
Vx ; 1
1
= |Yxr1 ;7 =0
1
Ye+z 5 1

yx[m—m] Vxﬂ[ — ol e -] = 0
x+2 —-x-1 [x+2—x [x+1—x _
(x+1)(x+2) Ya+1 x(x+2) Ya+2 x(x+1)]

=~ The required difference equation is given by:
(X +2)Yy42 = 2(x + DYyy1 —xy, =0
Example 8 Find a difference equation satisfied by the relation y = A2™ + B3" +%
Solution: Since there are 2 arbitrary constants A and B , taking 1% and 2™ differences
Yo = A2+ B3" + -
1

= Ynay = A2V 4 B3 4~

and Yy, = A2"2 4+ B3 4

Rewriting the given equations as

Yo — > = A2" + B3"
= Yne1—3 = 242" + 3B3"
and Y., —3 = 442" + 9B3"
Eliminating arbitrary constants A and B from the given set of equations
Ya—z 11
> [Yarn =35 2 3|=0
Vn+2 _% 4 9



= (3 —=3)18-12) = (yrs =3) O =D + (ynra —3) 3 —-2) = 0

=~ The required difference equation is given by:
Yn+z = SYn41 + 6y, =1

Example 9 Find a difference equation satisfied by the relation
y = Acosnf + Bsinnf
Solution: Since there are 2 arbitrary constants 4 and B , taking 1% and 2" differences

Yn = Acosnf + Bsinnf
= Yp41 =Acos(n+1)8 + Bsin(n+1)6

and  y,4, = Acos(n+ 2)8 + Bsin(n+ 2)60
Eliminating arbitrary constants A and B from the given set of equations
Vn cosné sinnf
= |Ype1 cos(n+1)0 sin(n+1)8] =0
Yn+2 cos(n+2)8 sin(n+ 2)60
= yy[sin(n + 2)60.cos(n + 1)8 — cos(n + 2)6 .sin(n + 1)0] —
Yn+1lsin(n + 2)6.cosnb — cos(n + 2)6 .sinnb]
+Yn42lsin(n + 1)6.cosnb — cos(n + 1)0.sinnf] = 0

=y, sinn+2-n—-1)0 —-y,,,sin(n+2-n)8 +y,,;sinn+1-n)f =0

=~ The required difference equation is given by:
Yn+2 SINO —y,.1sin20 + y,sinf =0

= Yn42 —2€0SO0 Y+, =0

Examplel0 Form the difference equation from the given relation

log(1+2z)
(1-2)
Solution: Rewriting given relation as
log(1+2) = (1-2)(Yo + ¥12 + ¥22° + -+ ypz" + )
23 z

2 4
=>Z_Z;+?_:+“'ZYO+(Y1_3’0)Z+()72_Y1)22+(3’3_3’2)Z3+“‘+

= Yo+ Y1z +Yp2" + o Hypzt 4o

Equating the powers of z on both sides, we get
1 —yo) =1

(2 —y1) = —é
s —y2) =+



(0"

(yn+1 - Yn) = n+1
= The required difference equation is given by (y,41 — %) = (;)1
_ ("
Or Ay, = n+1

3.3 Solution of Difference Equations

A general linear difference equation of order ‘r’ with constant coefficients is given by:
(aE"+ a,E™ '+ -+ a,_,E+ a,)y, = F(n)
where ay,a,,a,, ...a, are constants and F(n) is a function of ‘n’ alone or constant.
Note:

o If the difference equation involves ‘A’ instead of ‘E” use A= F — 1

e [Ifitinvolves ‘y, ., instead of ‘y,” use y,., = E"y,
Hence any linear difference equation may be written in symbolic form as:

f(E)y, = F(n)

Complete solution of equation f(E)y,, = F(n) isgivenby y = C.F + P.I.
where C.F. denotes complimentary function and P.1. is particular integral.
When F(n) = 0, then solution of equation f(E)y, = 0isgivenby y = C.F

3.3.1 Rules for Finding Complimentary Function (C.F.)
Consider the difference equation f(E)y, = F(n) ... ©®
= (aE"+ ¢, E" '+ -+ a,_ E+ a,)y, = F(n)

Step 1: Find the Auxiliary Equation (A.E) given by f(E) =0
= (aE"+ ¢ E" '+ -+ a,_E+ a,)=0..Q
Step 2: Solve the auxiliary equation given by @

I. Ifthe nroots of A.E. are real and distinct say m,, m,,..., m,
CF.=cm"+ ¢c;m,* + -+ c,m,"
ii. Iftwoormorerootsareequalie.m;, =m, =--=my,k<n
CF.= (c; +cn+cgn? + -+ gn*YHm;™ + - + ¢, m,"
iii.  If A.E. has a pair of imaginary rootsi.e. my =a+if,m, =a—if

C.F.= r*(cy cosnb + c, sinnb) + csm3™ + -+ ¢c,m,"

wherer =,/a? + fZand 6 = tan_lg

Example 11 Solve the difference equation (A% — 3A + 2)y,, = 0



Solution: Putting A= E — 1
S>((E-1)2-3E-1)+2)y,=0
= (E?-5E +6)y,=0

Auxiliary Equation (A.E.) is
E*?—-5E+6=0
=>(E-2)(E-3)=0
=>F =273
& C.F.= ¢c2" + ¢, 3"
The solution is y, = C.F.
=y, = 2"+ c,3"

Example 12 Solve the difference equation U,,, 3 — 2U,,;, — 5U, 41 + 6U, =0
Solution: Given difference equation is U,, ;3 — 2U,, 4, — 5Up41 + 6U,, = 0

= (E® —2E*—-5E+6)U, =0

> E3—E*—E*+E—-6E+6=0

SE2(E-1)—EE-1)—-6(E—1)=0
S (E-1E*—-E—6)=0
S(E-1DE-3)E+2)=0

> E=1,3-2

o CF = Cl + C23n + C3(_2)n
The solution is y,, = C.F.
—1 yn = Cl + C23n + C3(_2)n

Example 13 Solve the difference equation: vy, .4 — 2y,42 + ¥, =0

Solution: Given difference equation is y,,4 — 2Yp42 + v, =0

= (E*-2E*+ 1)y, =0

Aucxiliary equation is: E* —2E*+1=0
= (E*?-1)2=0

> (E+1D*(E-1)2=0

= E=-1,-1,1,1

CF.= (c; +c,n) ()" + (c3 + cyn)(1)"

Since F(n) = 0, solution is given by y,, =C.F



=V, = (1 +n)(=D"+ (c3+cn)
Example 14 Solve the difference equation: y, .3 — 2yp41 + 4y, =0

Solution: Given difference equation is y,,3 — 2¥n41 + 4y, =0
= (E®-2E+4)y, =0
Auxiliary equationis: E2 —2E+4=0 ..O
By hit and trial (E + 2) is a factor of O
=~ May be rewritten as
E3+2E*—2E*— 4E+2E+ 4=0
SEX(E+2)—2E(E+2)+2(E+2)=0
> (E+2)(E2=2E+2)=0
> E=-2,1+1i

CF.= c;(—2)"+ r™(cy cosnf + c5 sinnfh)

r={Ja?+p2=V1+1=v2,wherel1+i=a+if
0 =tan'f=tan11="
a 4

~CF.= ci(=2)"+ r"*(c, cosnb + c;3 sinnfh)

Since F(n) = 0, solution is given by y, = C.F
=y, = ce ¥+ (\/E)n (cz cos% + ¢5 sin %)

3.3.2 Rules for Finding Particular Integral (P.1.)

Consider the difference equation f(E)y, = F(n) ... ®
= (@E"+ ¢ E" '+ -+ a,_1E+ a,)y, = F(n)

Then P.I = Tlm F(n), Clearly P.I. = 0if F(n) =0

Case I: When F(n) = a™

n
Usetherule P.l = —q" = 2 + 0
G

In case of failure, i.e. if f(a) =0

1 _
Then —a™ = na™?



1 n _ nn-1)! an_z

(E-a)? Y
1 n _ nn-1)n-2)! ,_ 3
(E-a)3 3! a

Case Il: When F(n) = sinkn or coskn
Use the exponential values of sin kn or cos kn

. . eikn_e—ikn eikn+ e—ikn . .
I.e. sinkn = —, . ¢os kn = — and find P.I. as in case I.

Case I1l: WhenF(n) = nP, P.l=— nP
f(E) .

1. Replace E by A by substituting E = 1 + A, so that P.l. = "
2. Take the lowest degree term common from f( 1 + A) to get an expression of the
form [1 + ¢(A)] and take it to the numerator to become [1 + ¢(A)]™?
3. Expand [1+ ¢(D)]™! using binomial theorem up to p" degree as (p+1)
difference of n? is zero. Following expansions will be useful to expand
[1+ ¢(A)]~! inascending powers of A
e 1+x)t=1—x+x2—x3+-
e (1—-x)'=1+4+x+x*+x3+-
4. Express F(n) = n? into factorial notation and operate on it term by term.

p

th

Case IV: When F(n) = a"g(n), where g(n) is any function of n

f(E) f(E) f(akE)
and proceed as case IlI.

Take P.I = — a™g(n) and use the rule: L ag(n) = a”( - g(n))

Examples on Case |
Example 15 Solve the difference equation: vy, ., — 3y,4+1 + 2y, = 5"

Solution: Given difference equation is y,,+5 — 3y,41 + 2y, = 5"
= (E* —=3E + 2)y, = 5"
Auxiliary equation is: E2 —3E+2 =0
>(E-DE-2)=0
= F=1,2
C.F.= ¢c; +c,2"

1 1
PlL.=—— F(n) =—L_5n
o F0 =552



. 1 am
ingE = w——a" =
, by putting 5 ok @

C (5-1)(5-2)

Aen 5"

4.3 12

Complete solution is: y,, = C.F. +P.l
>y, = cl+622”+%
Example 16 Solve the difference equation: U, ., — 7U,.,; + 10U, = 3e?" — 3"
Solution: Given difference equation is U,,,, — 7U, 4, + 10U, = 3e*" — 3"
= (E* = 7E + 10)U,, = 3e*" — 3"
Auxiliary equation is: E2 —7E + 10 =0
=>(E—-2)E-5)=0
= E =25
CF.= ¢2" + ¢,5"

= ; — ; 2n __ 2n
P.l.= 5 F(n) = EERETIT) (3e 3")
_ 3 2\n _ 1 n
"~ E2-7E+10 (e*) E2—7E+10 3
_ 3(ez)n _ 3n L1 n_a®
T (e2)2-7(e2)+10  32-7(3)+10 ) f(E)a )
36271 371

- e*—7e2+10 2
Complete solutionis: y,, = C.F.+P.l

36271 377.

> Y, = 012"+025”+m+7
Example 17 Solve the difference equation: y,,, —2y,41 + ¥, —1=0
Solution: Given difference equation is y,,12 — 2yn41 + ¥ =1

= (E?2 = 2E + 1)y, = 5"

Auxiliary equation is: E2 —2E +1 =0

>(E-1?=0

= F=1,1



CF.= (¢, + czn)ln = (c; + cyn)

_ 1 n
_ n(n-1)

2

Complete solutionis: y,, = C.F. +P.l

n(n 1)

=y, = (ci+cy)+
Example 18 Solve the difference equation: Yotz — 3Vns1 — 4y, +12 =0
Solution: Given difference equation is y,,,, — 3Yn+1 — 4y, = —12
= (E? = 3E — 4)y, = —12
Auxiliary equation is: E? —3E —4 =0
>(E-4)E+1)=0
= E=4,-1
CF.= c14” + (="

— n
Pl f(E) Fi) = (F12) a5em 4><E+1>1
= (— _r i — L n _ a”
= (—12) HaeD , by putting E = 1 % =7
1
=(-12)= =2

Complete solutionis: y, = C.F. +P.l
= yn = C14‘n + Cz(_l)n + 2
Example 19 Solve the difference equation: y, ., — 4y, = 2"

Solution: Given difference equation is y,,,, — 4y, = 2"
= (E? — 4)y, = 2"
Aucxiliary equation is: E? —4 =0
= E =42
CF. = ¢ 2" + c,(—2)"



Pl.=—— F(n) = ———2"

F(E) (E+2)(E-2)
_ 1 ( 1 2")

(E-2) \(E+2)
—_1 ( Zn) L ogn = a™

(E-2) \(2+2) T F(E) f(a)
1 1 n _ n2"?t .._n_ n-1 _
_4(5—2)2 = s ——a" =na if f(a)=0

Complete solutionis: y,, = C.F. +P.l
nzn—l

4

=Sy, = 2"+ (—2)" +
Examples on Case Il
Example 20 Solve the difference equation: y, ., — 2y, = cos2n
Solution: Given difference equation is y,,; — 2y,, = cos 2n
= (E —2)y, =cos2n
Auxiliary equationis: E—2 =10
= EFE=2
CF.= c2"

P.1. :ﬁ F(n) = E—cosZn

1 ean+ e—an

E-2 2
— lL 2i\n EL -2i\n
T 2E-2 (e*) +25—2 (e™)

1 eznl 1 e—znl . 1 n _ aTL

T 222 ' 2e-23 " f(E) T (@
1 [ e2ni e—2ni

- _( 2i_p + e-2i—2)

2m(e—21 2)+e—2m(621 2))

( (e*1-2)(e7>-2)
( 2(n—1)i+e—2(n—1)i)—2(62"i+€_2ni))
(

_1
T2

Nlr—x

1-2(e2i+e™2l)+4

eiax+e—iax
cosax =

2 cos2(n—1)—4 cos Zn)

_ 1
2 5—4cos?2

2



__cos2(n-1)-2cos2n
5—4cos2

Complete solutionis: y, = C.F. +P.l

cos2(n—-1)—2cos2n
5—4cos2

=y, = c2"+
Example 21 Solve the difference equation: y,,, + ¥,4+1 + 2y, = sin2n
Solution: Given difference equation is y,,,, + Yn4+1 + 2¥, = sin2n
= (E*+E + 2)y, = sin2n
Aucxiliary equationis: E?+E+2 =10
S>(E-1)(E+2)=0
= EFE=1,-2
CF.= ¢y +c(—=2)"

1 1 .
Pl.=—F(n) = sin 2n
f(E) E2+E+2
1 ezni_ e—zni
T E2+E+2 2i
— l 1 2ni __ l 1 —-2ni
=—, e -, ———e
2i E2+4E+2 2i E2+E+2
_1 1 (ezi)n _ 1 1 (e—zi)n
20 E2+E+2 20 E2+E+2
1 QZni 1 e—2ni 1 n an
T 2ietite2itn  2i e~4ipe2i42 " F(E) T f(a

1 e2ni e—2ni )
2i (e4i+e2i+2 e~tte 2i42

Complete solutionis: y,, = C.F. +P.l

2ni —-2ni
=y = o+ (2" + 5 (G — )

2i \etite2it2 e Hipe2i42
Example 22 Solve the difference equation y, ., —2cosa y,,1 + ¥, = cosan
Solution: Given difference equation is y,,, —2cosa y,+1 + ¥, = cosan

= (E*—2cosaE + 1)y, = cosan
Auxiliary equation is: E2 —2cosaE+1=0 ..D

= F=cosa +isina



C.F.= r"(cqy cosnb + c, sinnf)

T _1 Ssina _
r=+cos?a+sin2a=1, 6 =tan 1mztan Ttana = «
~ C.F. = (¢ cosna + ¢, sinna)

-_1 N
P.I. 5 F(n) = ey cosan

1 (eian+e—ian)
T E2—(el%4em10)E41 2

— l 1 ian —ian
= e ey &+ €T

v [x? —(a+b)x +ab = (x —a)(x — b)]

1 1 layn 1 —ian
[ +(E—ew>(E—e-w> |

ian —ian 1 n an
Z(E e“") [ew‘ e “"] Z(E e~la) [e w‘—ew‘] ) f(E)a T f(a

— ia\n 1 —ia\n
o [Z(E el®)(2iSina) (e*)™ + 2 (E-e~i@) (-2i Sina) (e™) ]

1 .
= 4i Sin [E ela (ela)" - E-e za( l“)n]
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Examples on Case IlI
Example 23 Solve the difference equation: y, ., + ¥,+1 + ¥, = n?

Solution: Given difference equation is y,,, + Yn41 + ¥ = n?
= (E*+E + 1)y, =n?
Aucxiliary equationis: E?+E+1=10

3

> E=—-xi—

N | =
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A[n]? = 2[n],A[n] =1, A%[n]? = 2!,A%[n] =0
[n)? — [n] +]

:n(n—l)—n+§]

Wk Wk Wk
r

Wl Wk Wk
T 1

n?—2n+ 1]
3
Complete solutionis: y,, = C.F. +P.l
=y, = clcos%—czsin%+§[n2 —2n+§]
Example 24 Solve the difference equation: y,., — 5V,,4+1 + 6y, = n? + 3n + 2
Solution: Given difference equation is y,,,, — 5y,41 + 6y, = n®> + 3n + 2

= (E>*-5E+6)y,=n*+3n+2



Aucxiliary equationis: E? —5E +6 =0
S (E-2)E-3)=0
= EFE=273

CF.= ¢;2" + ¢, 3"

=5 = o 5E+6(n + 3n + 2)

= rcree (n* + 3n + 2)

T (144)2-5 (1+A)+6

n* —n+4n+2)

= 3A+A2 (mn—1) +4n+2)

= —— ([n]* + 4[n] +2)

2—3A+A2

= — 1 _([n]?+4[n] +2)

2(1-2a+322)

%:1—(§A—%A2)]_1(n]2+4[n]+2)
=§_1+(§A—§A2)+ € A——Az ](n]2+4[n]+2)
w(1—x)" 1=1+x+x + x3 +-

—§_1+§A—%A2+ZA2+---]([n]2+4[n]+2)

=2{14+30+ 207 4 | (I + 4[n] + 2)
=2{n]? + 4
= 2| n]? + 4

[n] +2 + 2A([? + 4[n] +2) + 282 ([n)? + 4[n] + 2)|
[n]+2+§(2[n]+4+0)+Z(2+0+0)]
« A[n)? = 2[n],Aln] = 1, A?[n]? = 2!

= 2{[n]? + 4ln] + 2+ 3[n] + 6 + ]
%[[n]2+7[n —]— [n(n—1)+7 +—]
=E[n +6n+?

Complete solutionis: y, = C.F. +P.l

=y, = ¢ 2" + ¢, 3" +§[n2 +6n+?
Example 25 Solve the difference equation: y, ., — 2y,+1 + ¥ = 3x + 4, given that



Yo=0and y; =1
Solution: Given difference equation is y,,, — 2V,+1 + ¥ = 3x + 4 with the conditions
y=0atx=0andy=1atx=1
= (E*—-2E+ 1)y, =3x+4
Auxiliary equation is: E? —2E+1 =0
>(E-1?=0
> E=1,1

CF.= c; +cx

_ 1
f(E)

1
(E-1)?

P.1. F(x) =

(Bx+4)

= S Gx]+4)

_ %(3[;]2 + 4[x]) '.'%[x] _ 7

=~ [x]® + 2[x]?

= %x(x - Dx—-2)+ 2x(x — 1)

= %x(x —D(x+2)

Complete solution is: y, = C.F. + P.l
=>yx:c1+c2x+%x(x—1)(x+2) ..@
Now giventhaty =0 atx =0andy =1 atx =1
>0=c,+0And 1=¢;+c,+0
¢ =0 And ¢, =1 )
Using @ in O, we get
Ve = X +%x(x —1D(x+2)
Examples on Case 1V
Example 26 Solve the difference equation: U,,; — 2U,, = 3"n?
Solution: Given difference equation is U,,, — 2U,, = 3"n?
= (E — 2)U, = 3"n?

Auxiliary equationis: E—2 =20



= E=2

CF.= (C2"

P.I.= ]% F(n) =—=(3"n?)
= 3" 3;_2 (n?) TlE) a*g(n) = a" f(ZE) gn)
=3" 3(1+1A)—2 (n* —n+n)
=3"—(n-1)+n)

= 3"[1+ 347" ([n]* + [nD)

= 3"[1 - 3A +9A% — ---]([n]? + [n])
c(A+x)T=1—x4+x2—x3 4
= 3"[[n]? + [n] = 3A([n]? + [n]) + 9A%([n]? + [n])]
= 3"[[n]?> + [n] — 3(2[n] + 1) + 9(2 + 0)]
« Aln]? = 2[n],Aln] =1, A?%[n]? = 2,A%[n] =0
3"[[n]? — 5[n] + 15]
=3"[n(n—1) — 5n + 15]
= 3"[n? — 6n + 15]
Complete solutionis: y, = C.F. +P.l

=y, = C2" + 3"[n? — 6n + 15]
Example 27 Solve the difference equation

Ynsz — 2Yns1 + 4y, =27 (cosr;—n ++/3sin %)
Solution: Given difference equation may be written as:
= (E? — 2E + 4)y, = 2" (COS? + \/§sinn3—n)
Aucxiliary equationis: E2 —2E+4=0 ..
= E=1+iV3
C.F.= r"(c, cosnb + c, sinnb)
™

r=vJ1+3=2, 0=tan_1\/§=§

~CF. = 2" (c1 cos% + ¢, sin ng—n)
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_ 22 _ . . (m-2)m] _ 2n? _ . (n-2)m
=15 [(n 1)2isin - ]— = (n 1)51n—3

Complete solutionis: y,, = C.F. +P.l

_ on nm . nm 2nt . (n-2)m
>y, =2 (clcos -+ ¢z sin 3)+—\/§ (n—1) sin———

3.4 Solution of Simultaneous Difference Equations with Constant Coefficients

Method of solving simultaneous difference equations is analogous to that of solving
differential equations as demonstrated in following examples:

Example 28 Solve the simultaneous difference equations
Uy — Uy —10v, =0,V —u, —4v, =0
Giventhat uy =3, vy =2
Solution: Given equations can be written as:
(E-7u,—10v, =0
(E-4v,—u,=0
Multiplying D by (E — 4), @ by 10 and adding

(E-4)E-7Nu,—10u, =0
= (E? —11E +18)u, =0 W ®

©6

For solving 3, Auxiliary equation is given by:

E?—11E+18=0
> (E-2)(E-9)=0
= EFE=29

CF.= ¢,;2" + c,9"
= u, = 2"+ c,9"

Now giventhat u, =3ie.u=3atn=0
Using ®in@, we get ¢; + ¢, = 3
Now using @in (D, we get
(E-7(c12" +¢29™") —10v, =0
= E(c 2™ + ¢,9™) — 7(¢, 2™ + ¢,9™) — 10v, =0
= (¢, 2™ + ¢,9™") — 7(¢,2™ + ¢,9™) — 10v, = 0
= (2¢,2™ +9¢,9™) — 7(¢,2™ + ¢,9™) — 10v, = 0

=, = 1—10(—5c12” + 2¢,9™)

5o ©

Also giventhat vy =2ie.v=2atn=0
Using ®in(D), we get —5c¢; + 2¢c, = 20
Solving ®and @, we getc; = —2,¢c, =5

e &



Using @0 in @and (D, we get
U, =—2.2"+59" v, =2"4+9"
Example 29 Solve the simultaneous difference equations
Xn+1 — 3xn - Zyn =N, Yn+1 — Xn — Zyn =n
Giventhat x, =1, y, =0
Solution: Given equations can be written as:
(E—=3)x,—2y,=—n
(E—Z)yn—xn =n
Multiplying @ by (£ — 3) and adding to (D, we get

©O

(E-2)(E-3)y,—2y,=—n+(E—-3)n

= (E* -5E+4)y,=-3n+1 “En=n+1 ..
For solving 3, Auxiliary equation is given by:
E?—-5E+4=0

>E-1)(E-4)=0

= E=1,4
C.F.= ¢c; + c,4"

Pl =—1

E?-5E+4

(=3n+1)

=———(=3[n] +1)

T E2-5E+4

1
T (1+A)2-5 (1+A)+4

(=3[n] +1)

=——(-3[n] + 1)

—3A+A2

= @(—3[@ +1)

== (1 - %A)]_l (=3[n] + 1)

=214 28+ | (=3m+ 1)

cAl-0)Tt =140+ 2P 4 a3+
-1

== :—S[n] +1+2A(=3[n] + 1)]

== [-3[n] +1+2(-3)|

_1lp1 = nte-D
A [n] = 2 2
Complete solution is: y,, = C.F. +P.l




SANE SR

=>yn=cl+c24"+M

@
Now giventhat y, =0ie.y=0atn =20 .. ®
Using ®in@, we getc; + ¢, = 0 ®
Now using @in @), we get

(E-2) (61 + c,4™ + "(nz_l)) —X,=n
nn-1) n(n-1)
=>E(c1+cz4”+ )—2(c1+cz4”+ . )—xnzn
= (c1 + 4" + @) —2¢c;—2c,4"—n(n—1)—x,=n

= (1—-2)c; + (4—2)c,4™ + ntin _ nn—1)—x,=n
= xn == _Cl + 2C24‘n - n(n_l)

Also giventhat x, =1ie.x=1atn=0
Using ®in(D, we get —c; + 2¢, = 1
Solving ®and ©, we get ¢; = _§’ c, = %
Using @ in @and (@), we get

Xp =24 2gn - 2OZD —§+§4n +
Exercise 3A

2oe O

n(n-1)

3 3

Form a difference equation satisfied by the relation y = An + B2"
Solve the Fibonacci difference equation y,, = y,_1 + Y2, n > 2
Solve the difference equation y,,;» — 3y,41 + 2y, = 4"

Solve the difference equation y,,;» — 2yp41 + ¥ = 3n+ 4

Solve the difference equation y,,,» — 6y,41 + 8y, = 2™ 4+ 6n

Answers

' yn+2(1 - x) + yn+2(3x - 2) - yn+2(2x) =0

n = Slf (1+2ﬁ)n + 51:)/3 (1_2\/3)71

Hint: Fibonacci series is given by 0, 1, 1, 2,3,5,8,13,21, ...
~y1=0,y,=1

. Vn =c1+022”+%4"
: yn=c1+czn+§(n—1)(n+2)

— _X\on n 8
.yn—(c1 2)2 + c,4 +2n+3



