CHAPTER 5

CURVATURE AND RADIUS OF
CURVATURE

5.1 Introduction:

Curvature is a numerical measure of bending of the curve. At a
particular point on the curve , a tangent can be drawn. Let this line
makes an angle ¥ with positive x- axis. Then curvature is defined as the
magnitude of rate of change of ¥ with respect to the arc length s.

avy
~ Curvature at P = |Z|

It is obvious that smaller circle bends more sharply than larger circle
and thus smaller circle has a larger curvature.
Radius of curvature is the reciprocal of curvature and it is denoted by p.

5.2
¢ Radius of curvature of Cartesian curve: y = f(x)

3/2

1+(% ’ 2)3/2
p= | (Zﬁz | = (1+|3; 1|) (When tangent is parallel to x — axis)
w 2
dx\? 3/2
_ [“(@) ] : .
p= VT (When tangent is parallel to y — axis)
dy?

¢ Radius of curvature of parametric curve:
x =f(t),y = g(t)
2 2\3/2
_ (x“+¥")

P Ty ]

Example 1 Find the radius of curvature at any pt of the cycloid
x = a(@ + Sinf), y = a(1- cos )
Solution: x' = Z—Z = a(l+cosB)andy = Z—Z = asin@

/_dy

' d
, wherex'=Zand y' =
dt dt
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" dzx . " dzy
x =— =-asinf and =— = acosf
do? y do2
2 2,3/2
No (x ty ) {a?(1+Cos 9)2+a25in26}3/2
WPpP=""T——"— =
P |y "~y'x"| a?(1+Cos 0) Cos 0 + a? sin20

3/2
_ a(1+cos?6+2cosf+sin?6) /

c0s0+co0s20+sin20

_ a(2+2co0s6)3/?
1+cosf

= 2+/2 a1+ cosO

2
=22 a ZCOZG = 4acos§

Example 2 Show that the radius of curvature at any point of the
curve x2/3 + y2/3 = q2/3 (x =acos’0, y = asin’0) is equal to
three times the lenth of the perpendicular from the origin to the

tangent.
Solution : Z—Z = - 3acos?0 sinf =x
2 — _ 3a5in%0 cosd =y
a6
n_d’x _ d . 20
X =—0 = (- 3acos“6sin 0)
=—3a[-2 cos O sin?H+cos®0]
=6acos 6 sin’ 6 —3acos’ 6
oy _ 4 in?
Y =2 T o (3a sin” fcos 9)
= 3a(2sin 8 cos?O — sin30)
= 6asin 8 cos?6 — 3a sin36
ip . 19n3/2
Now p=-E¥9_
lx'y"-yx|

. . 3/2
_ (9a%cos*8sin?6+9a?sin*0cos?0) /
[(=3acos26 sinB)(6a sinBcos?260—-3asin30)—3asin?6 cos 8(6a cosO sin26—3a cos36)|
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3
[9aZcos?sin?6 (cos?6 + sin?0)] /2

|-18a2 sin? 6cos* 6+9a? cos?6 sin*6-18a? sin* Ocos?6 + 9a? sin? Ocos*6)|

93/2(q cos0 sind)3

|-9a2sin26cos*6 - 9a2 cos?6 sin*6|

(9)3/2(a cos6 sin 6)3
9a2 c0s20sin20 (cos?26+sin20)

= p =3asinfcosd ...... (1)

The equation of the tangent at any point on the curve is
y—asin® @ =—tan 6 (x —a cos’f)
= Xsin@ +ycos @ —asinfcosf=0 ........ (2)

=~ The length of the perpendicular from the origin to the tangent (2) is

_ |0sin6+0.cos6 -a sin6 coso|

- Vsin20+ cos260

=asingd cosf ........ (3)
Hence from (1) & (3), p=3p

Example 3 If p & p ' are the radii of curvature at the extremities of two
2 2
conjugate diameters of the ellipse % + Z—Z =1 prove that
(p2/3 + p/2/3) (ab)2/3 = a2+ b2

Solution: Parametric equation of the ellipse is
X =acos 9, y=b sin 6

x=—asinfd, y=Dbcosé

x'=—acosf, y =-bsing
The radius of curvature at any point of the ellipse is given by
_ (x4 y'2)3/2 (a?sin?6+ b2 cos? b)3/2
T Xy -yx] |(-a sin®) (-bsind) - (bcosO) (-acosh)|
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_ (a?sin?6+ b? 00529)3/2

ab

For the radius of curvature at the extremity of other conjugate
diameter is obtained by replacing 8 by 6 +§ in (1).
Let it be denoted by p’. Then

, (a?sin?6+ b2sin? 9)3/2

P ab
. p2/3 4 12/3 _ a’sin?6+ b? cos?0 a®cos?0+ b? cos? 0
S p p ] gab)2/3 (ab)?/3
a“+b
- (ab)2/3

= (ab)?/? (p2/3 + p’2/3) =a*+ b?

Example 4Find the points on the parabola y? = 8x at which the radius
of curvature is %

Solution: y = 2v2 vx

_V2 _ _~1
yl_ E ’ yZ - \/Ex3/2
_ @nd)? 2\3/2 3/2  — 3/2
p=—r— =1+ N2 x =2 (x +2)
2

: 12.5 125 5 )3
Given p==" « (x + 2)¥2 = — :(ﬁ)

) 3/2 = 5
s (x +2) -

25
=>x+2:§ = X =

= y’=8 (Z) i.e.y=3-3
Hence the points at which the radius of curvature is %5 are (9.4 3).

Example 5 Find the radius of curvature at any point of the curve
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y = C cos h (x/c)

Solution: y;, = % Sin h %2 Sin h (g)

y, = = cosh %
Now, p = _(”3’12)3/2
’ Y2
<1+Sin hz(’—c‘)>3/2
%cosh%
= Ccos hz(—)
- 1.2
= p = 7Y
Example 6 For the curve y = % prove that

2p 2/3 _(y 2 x 2
Z) =6 +0)
where p is the radius of curvature of the curve at its point (X, y)

Solution: Here y=-—-
a+x

= vy, = (a+x)a -ax (1)

(a+x)2
- (a+x)?
. _ -2a?
Y2 = (a+x)3
(1+3/12)3/2
Now, =
P Y2
B [ at ]3/2 (a+x)3
(a+x)4 (-2a2)
. n2/3 = [ a* ] (a +x)?
p 1+ (a+x)* (_2)2/3 a/3
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(2p)2/3: [1 N at ] (a +x)2 y 22/3

a (a+0)t] 2213 q4/3 7 q2/3

i[1+ o’ ka+m2

a? (a+1)*

L 24 _¢@ ]
a? [(a+x) + (a+x)?

() + (&)
&)@

Example 7 Find the curvature of x =4 cost, y = 3 sint. At what point
on this ellipse does the curvature have the greatest & the least values?
What are the magnitudes?

. x'24y'2)%?
Solution: p= #

|xy"-y'x’|
Now, x' =-4sint = x"=-4cost
y' = —3cost = x"" =-3sint

3
L (16sin? t+9 cost? t) /2
- P -4sint (-3sint)-3 Cost (-4Cost)

= % (9 cost? t + 16sin? t)3/?

= (p.12)%/3 =9 cost’t + 16 sin * t

Now, curvature is the reciprocal of radius of curvature. Curvature
IS maximum & minimum when p is minimum and maximum
respectively . For maximum and minimum values;

%(165in2t+9coszt):0

= 32 sint cost + 18 cost (-sint) =0
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= 4 sintcost=0

= t=0& =

2

At t=0ie at (4,0)

(12p)** =9

= 12p =93/?
.
p_4 “p_9

Similarly, at t = g ie at (0,3)

(12 p)?/3 =16
12p = 43

- 13
p=163 -

16
. 3 . 4
Hence, the least value is E and the greatest value is 5

Example 8 Find the radius of curvature for \/%— \/% =1 at the points

where it touches the coordinate axes.
Solution: On differentiating the given , we get

1 1 dy _
2vax 2,/by dx

dy _ |by
=S C= ] e (1)

The curve touches the x-axis if Z—i’ =0ory=0
When y = 0, we have x = a (from the given eq")

= given curve touches x — axis at (a,0)

The curve touches y — axis if Z—i =0orx=0
When x =0, we havey =b

= Given curve touches y-axis at (0, b)

c;_yzjé{ﬁilﬂ {from (1)}

Page | 7



2
At(a0), L2=12-2

dx? 2aa 2a?

3/2
)

_ (1+y? 2a*

2
= At (a,0), p =(1+ 0)%/? ===

[1+(E)2]3/2
At(ob), p=+—2—-"— =
ay?
5.3 Radius of curvature of Polar curves r =f (0):

2b2
a

_ (r2+1D)*?

21+ 12 -rr,

__dr _dcr
wherer; = o 2= o2

Example 9 Prove that for the cardioider =a (1 + cos 8),
pTZ IS const.
Solution: Herer =a (1+ cos 6)
=r =—aSing and r,=—acosé
1?2 4+ 12 = a?[(1+cosB)? + sin?0] = 2a% (1 + cos 0)

2+ 2rf —rr? = a?[(1 + cos 8)? + 2sin?0 + cos (1 + cos 0)]

=3a% (1 + cosB)

r24r2)? 8a®(1+cos0)3 8
wp? = (r2+r7) = 4( )2 = 242 (1+ cos 0)
(r2+2r2-r13) 9a* (1+cos6) 9
2 8a
= p2= 2y
,D 9
p?

8 . .
- = ?‘l which is a constant.

Example 10 Show that at the point of intersection of the curves
r=aé@ andr 8 = a, the curvatures are in the ratio 3:1 (0 < 6< 2m)
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Solution: The points of intersection of curvesr=a 6 &r 0 =aare
givenbyag?=aorf =41
Now for the curve r=a 6 we haver; =a and r, =0

~AtO=+1 p= () _a(x?) _
=P aatrarero 0=t1 3 1
For the curver 6 =a,
-a 2a
r :ﬁ and r, = E
a2 2 3/2
ALO=11 p =37 a7 52 —[aT
GG O=11
0=+1,
=2av2 = P2
. P2 _ 2av2 _3
o1 2ay2/3 1
N e 3:1

Example 11 Find the radius of curvature at any point (r, 8) of the curve
M=a"cosmé@

Solution: r™=a" cosm 6

= mlog r = mlog a + log cos m 6

(on differentiating w.r.t. 8)
cosmo
>rn=-rtanmé

Now r, = — (r, tan m @ + rm sec? m 6)

=rtan’m@—rmsec’mé6 (from (1))
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(r?+r?tan? m6)3/2

r2+2r2tan?moO-r2tan?moO+rZmsec2m6

3

r3sec3m0

r
= ——secmb
r2sec2mO+rZmsec2m0 m+1

Example 12 Show that the radius of curvature at the point (r, 6)
3
of the curve r? cos2 6 = a* is %

Solution: r? = a?sec26

= 2rr; = 2a?sec 20 tan20
= 1 =rtan2f

and r, = 2r sec?0 + r;tan26
=2rsec’26 +rtan’26 (~r=rtan26)

)3/2

((rz +r2tan?26 )

2r2 tan22 0+r2-r2 (2sec?20+tan?20)

_ (rt4r?

Now p

= p=

2ri+r2-rr,

3/2
_ (r?sec?20) /
" 2 (2tan220+1-2sec220-tan226)

_ 1r3sec320
r2sec?26

=rsec 260

. r2 3
‘a? a?

5.4 Radius of curvature at the origin by Newton's method

It is applicable only when the curve passes through the origin and has x-
axis or y-axis as the tangent there.

When x-axis is the tangent, then

2

X
=lim —
p x—0 2y
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When y- axis is the tangent, then

2

: y
=lim —

p x=0 5,

Examplel3 Find the radius of curvature at the origin of the curve
x3y-xy3+2x%y+xy-y*+2x=0

Solution:  Tangent is x = 0 ie y-axis,

lim,_, 2
=lim,_,=—
,0 y—-0 2%

Dividing the given equation by 2x, we get

3 3 2 2
x>y Xy 2x°y +xy -y 2x
LA AR T LS - 2 = =0
2x 2x 2x 2x  2x 2x

2 2
3 l _ y_ l _ y_ =
X (Zx) xy ox + xy + x(Zx) x +1=0
Taking limit y — 0 on both the sides, we get p = 1

Exercise 5A
1. Find the radius of curvatures at any point the curve

y = 4sinx—sin2xatx =~
Ans p= - (5)3/2

2. 1f py ,p, are the radii of curvature at the extremes of any chord of the

cardioide r = a (1 + cos 8) which passes through the pole, then
2 _ 16(12

pi+p:=—

3 Find the radius of curvature of y* = x* (a+x) (a —x) at the origin

Ans. av2

4. Find the radius of curvature at any point 't' of the curve
X = a (cost + log tan t/2), y = a sint

Ans. a cost
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5. Find the radius of curvature at the origin, for the curve
2x3-3x%y + 4y + y?-3x = 0

Ans. p =3/2

2 -
6. Find the radius of curvature of y? = 2&-C¢%)

curve meets X — axis

at a point where the

Ans. p=a

7. Prove the if py, p, are the radii of curvature at the extremities of a
focal chord of a parabola whose semi latus rectum is | then

(p) 723 + (p) 723 = (D723

8. Find the radius of curvature to the curve r = a (1+ cos 0) at the point
where the tangent is parallel to the initial line.

Ans. p =

al»

a®b?
p3
perpendicular distance from the centre on the tangent at (x,y).

9. For the ellipse z—z + Z—j =1, prove that p = where p is the
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