Chapter 2

FOURIER TRANSFORMS

2.1 Introduction

The Fourier series expresses any periodic function into a sum of sinusoids. The Fourier
transform is the extension of this idea to non-periodic functions by taking the limiting
form of Fourier series when the fundamental period is made very large (infinite).
Fourier transform finds its applications in astronomy, signal processing, linear time
invariant (LTI) systems etc.

Some useful results in computation of the Fourier transforms:

1. fooo e” % sin Ax dx =

2. fooo e” % cos Ax dx =

a?+a2?
a

a?+a2?
o sin A.
8. Jy = dx=7,4>0

0
When 1 = 1, foos%dx=§

0
—iax

elax

. —e
4. sinax =

2i
elax o—iax

5. cosax = .

6. fooo e~ gy = g

Whena = 1, foooe‘xzdx = g
0, whent< 0

7. Heaviside Step Function or Unit step function H(t)or U(t) = {1 when t > 0

At t = 0, H(t) is sometimes taken as 0.5 or it may not have any specific value.
Shiftingat t = a

0, whent < a

H(t—a)orU(t—a) = {1whent>a

8. Dirac Delta Function or Unit Impulse Function is defined as 6(t — a) = 0, t+#a
such that f0°° 6(t —a)dt =1, a = 0. It is zero everywhere except one point 'a'.

Delta function in sometimes thought of having infinite value at t = a. The delta
function can be viewed as the derivative of the Heaviside step function
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Dirichlet’s Conditions for Existence of Fourier Transform
Fourier transform can be applied to any function f(x) if it satisfies the following
conditions:
1. f(x) is absolutely integrable i.e. ffooolf(x) |dx is convergent.
2. The function f(x) has a finite number of maxima and minima.
3. f(x) has only a finite number of discontinuities in any finite

2.2 Fourier Transform, Inverse Fourier Transform and Fourier Integral

f(x)—> Fourier Transform —,]F()\)

The Fourier transform of f(x), —o0 < x < o, denoted by f(A) where A € N , is given by

1

FF@}=f0) == [ e™f(xdx ..O

Also inverse Fourier transform of £(A) gives f(x) as:

1

fG) =+ J- eT* f)dA ... @

Rewriting @ as f(A) = \/%_n ffoooe“tf(t)dt and using in @, Fourier integral
representation of f(x) is given by:
fG) = - 5, [0, e f(t)de da

2.2.1 Fourier Sine Transform (F.S.T.)

Fourier Sine transform of f(x),0 < x < oo, denoted by f,(A), is given by
FE{f()}= i) = \/% J, fG) sinAx dx...®

Also inverse Fourier Sine transform of £;(A) gives f(x) as:

flx) = \Efomfs(x) sinAxdi ... @

Rewriting @ as f,(A) = \/% fomf(t) sinAtdt and using in @, Fourier sine integral
representation of f(x) is given by:

fG) == f;° f;7 () sin At sin Ax dtdA
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2.2.2 Fourier Cosine Transform (F.C.T.)

Fourier Cosine transform of f(x),0 < x < oo, denoted by £.(1), is given by

F{f(x)}=f = \/% fooof(x) cosAx dx...®

Also inverse Fourier Cosine transform of f£.(A) gives f(x) as:
flx) = \Efooofc(l) cosAxdA ... ®

Rewriting ® as £.(A) = \E fomf(t) cos At dt and using in ®, Fourier cosine integral
representation of f(x) is given by:
flx) = % fooo fooo f(t) cos At cos Ax dtdA

Remark:
e Parameter A may be taken as p, s or w as per usual notations.

(o]

e Fourier transform of £ (x) may be given by f(}) = \/%_n C e M f(x)dx

0

«%—n [7 e f()da

(o]

e Sometimes Fourier transform of £ (x) is takenas f(A) = J__ e f(x)dx,

then Inverse Fourier transform of £(A)is given by f(x) =

thereby Inverse Fourier transform is given by f(x) = i I em™ f(A)da
Similarly if Fourier Sine transform is taken as f,(A) = fooof(x) sin Ax dx,

then Inverse Sine transform is given by f(x) = %fooof;(?\) sin Ax dA

Similar is the case with Fourier Cosine transform.
Example 1 State giving reasons whether the Fourier transforms of the following
functions exist: . Sin% ii.e* iii. f(x) = {é ifli)icslfrizfcligrrlli
Solution: i. The graph of sini oscillates infinite number of times at x = nm,n € Z
o f(x) sini is having infinite number of maxima and minima in the interval
(—o0, ). Hence Fourier transform of f(x) = sini does not exist.

ii. For f(x) = e*, ffmlexldx is not convergent. Hence Fourier transform of
e” does not exist.
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1, ifxisrational . . e .
. f(x) —{0’ if x is irrational 'S having infinite number of maxima and

minima in the interval (—oo, o). Hence Fourier transform of f(x) does not exist.
Example 2 Find Fourier Sine transform of

RIr

ii. 2e73% + 372
Solution: i. By definition, we have F,{f(x)} = f.(A) = \/% fooof(x) sin Ax dx
2
fs()\)—ff —smlxdx—\/; == f
ii. By definition, F{f(x)}=f.(A) = \/%fooof(x) sin Ax dx
~ Q) = \/%fooo(Ze‘&‘ + 3e7%*) sin Ax dx
2 oo - . 2 roo - .
= \/;fo 2e73% sin Ax dx +\/;f0 3e~%* sin Ax dx
—-3x o —2x (o]
= \/% [29:12 (=3 sinAx — A cos )Lx]o + \/% [34€+AZ (—2sinAx — A cos Ax]o

_ E [ ] [ ] [ 5A3+351
- n 9+/12 4422 9+A2 4+/12 (9+12)(4+12)

Example 3 Find Fourier transform of Delta function §(x — a)
. _ 1 ™ i _
Solution: F{§(x —a)} e Jo e™.8(x —a)dx

— 1 iia

T Vm

ffooo f() 6(t —a)dt = f(a) by virtue of fundamental property of Delta function
where f(t) is any differentiable function.

Example 4 Show that Fourier sine and cosine transforms of x™~! are /{—:sin? and
[n nm .
—cos— respectively.
An 2
Solution: By definition, f0°° e tt"1dt = [n
Putting t = idx so that dt = iddx
= fooo e M (Ax)" liddx = [n
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® n-1,-ilx _ i
= fy xM e dx = —
[n

(cos % _ isin "")
AN 2 2

= fooo x"1(cos Ax — i sin Ax) dx =

. nrm
i = (cos——lsm )

[n [n nm

®  n-1 ;P n—1 g - n =2 =
:>f0 x""tcosAxdx — i fo x"" " sin Ax dx Ancos [ sin=

Equating real and imaginary parts, we get

®  n-1 _In E “ xn—1gj —[— —n
Jo x" ' cosAx dx = cos— and [ x""" sin Ax dx = 7 sin

= £) = —cos— and f,(A) = —s n—

x, 0<x<1
Example 5 Find Fourier Cosine transform of f(x) = {2 —x, 1<x<?2
0, x> 2

Solution: By definition, we have F.{f (x)} = f.(A) = \/% fooof(x) cos Ax dx
NANE \/%fooof(x) cos Ax dx

= \/% [folxcos Ax dx + f12(2 —x)cosAx dx + fzoo 0.cos Ax dx]

I[ (x ) smAx _ (1)( cos/lx)](l) n [(2 — %) (sn;/lx) — (- 1) cos/lx ] ]

. E[sinﬂ_l_cos/l 1 cosZ/l sml cosl] [Zcosl CcoSs 21— 1]
T Aml o2 2 A2 22

Example 6 Find Fourier Sine and Cosine transform of f(x) = e~ and hence show that

00 COS MX T _ 00 x sinmx
Jy i dx = T =
0 1+x2 0  1+x2

Solution: To find Fourier Sine transform

B = A0 = [2[° F()sindx dx

= L) = \Efoooe‘x sin Ax dx = \/%(1312) ...... @®

Taking inverse Fourier Sine transform of O

f(x) = \/%fooost\) sin Ax dA
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= f(x) == ——sinixdA..... @)
Substituting f(x) = e ™ in @

[ /’lsmlx

N _f 1422

Replacing x by m on both sides

2 J-oo Asmlm
1412

Now by property of definite integrals ff f(x)dx = ff fdy

.M gy o xsinmx
Lo—e M= dx ....
2 Jb 1+x2 (D

Similarly taking Fourier Cosine transform of f(x) =e™*
FifY= M) = \/%fooof(x) cos Ax dx

= f.() = \/%foooe_x cos Ax dx = \/%(1:/12) ...... @

Taking inverse Fourier Cosine transform of @

f) = \F [ Fi ) cos Ax dA

= fx) ==, 1”2 cosAxdA....®
Substituting fx)=e™in ®
2 oocos)lx
0 1+/12

Replacing x by m on both sides

2 foo cos /lm
1+A2

Again by property of definite integrals f; f(x)dx = ff fO)dy
mw  _ o cosmx
A ;e m=f0 T4x? dx @

From @and ®, we get

foo cosmx ne_m _ foo x sinmx
0 14x2 0  14x2

1—x2% x| <1

Example 7 Find Fourier transform of f(x) = {0 x| > 1
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and hence evaluate [ ° (w) cos> dx

Solution: Fourier transform of f(x) is given by
FIFO)} = FO) == [, e f(x)dx
=—f (1 =x?) e ¥ dx

V2m V-1
1

= &[0 - () - 20 (52) + 2 (55)]
[2ei4 20l e eI
1222 323 T 222 i3,13]

eityeid ei’l—e“’l] .2 .3 .
— vi“=—-1landi’ = —i
A2 t i13

Il
m TS §||"‘

2cosA . 2sin /1]

A2 + A3

sinA—Acos A
2 fQ) = (T) @
Taking inverse Fourier transform of O

fO) === 7, e f(yda

_i sinA—-AcosA
e L/'lx(

= )d/l

= f)==["
= flx) = —f _(cos Ax — i sin Ax) (M) dA = e~ = cos 1x — i sin dx
:>f(x)——f [co Ax (M)_isinm(w)]da @

1—x% x| <1.
n
0, |xl>1n@

N {10,— x2,||;c||><11 _f [ (sm/l jcos/l) i sin Ax (sm/'L /’Lcosll)] di

Equating real parts on both sides, we get

T 2
f_oooo cos dx (sml Acosl) dl = {2 (1 X ), |X| <1
A3 0, x| > 1

Substituting f(x) = {

Putting x = 1 on both sides

f_ooOo COS%(SIHAAACOSA) dl = g(l _ _)

(sm A—Acos A
A3

A (sinA—Acos A

=2 [ cos® )d)t == vcos? (T) is an even function of 1
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Now by property of definite integrals ff f(x)dx = f: fOdy
o (xcosx—sinx X 3
fo (x—3) cos;dx =-T

1
1+x2

Example 8 Find the Fourier cosine transform of f(x) =

Solution: To find Fourier cosine transform

RUFGI= L0 = [2[° £(:) cos dx dx
:>fc(7\)=\/%fooo L cosixdx ....QD

1+x2

To evaluate the integral given by
Letg(x) =e ™ ...... ®

Filg(x)}=g.) = \/%fooog(x) cos Ax dx

= g.A) = \/%foooe‘x cos Ax dx

2[e™* . *©
= \/; [1”2 (—cosAx + Asin Ax)]o

— 2 1
ﬁgCO\):\EHAZ

Again taking Inverse Fourier cosine transform

gx) = %fooo L ~cos Ax dA

1+4

1
1+x2

=>gQ) = %fooo cos Ax dx

:>f0°° L cosAxdx=§g(/1) )

1+x2

Using @ in @), we get

:>f0OO . cos)Lxdnge"1 ...... )

1+x2

Using @ in D, we get

a 2 po0 1 2T T
f) = iy cosandn = e [Eem
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Example 9 Find the Fourier sine transform of f(x) = ? and use it to evaluate
fooo tan™! (Z) sinxdx
Solution: To find Fourier sine transform
E{f(x)}=f£Q) = \/%fooof(x) sin Ax dx
_ 2 Q)e—ax .
= f.(0) = \Efo ——sinAx dx
To evaluate the integral, differentiating both sides with respect to 1

%f;(?\) = \/% fooo % (cos Ax)xdx

— |2 % _gx _ 12 a
—\/;fo e cos‘/lxdx—\/;ahﬂ,12

Now integrating both sides with respect to 4

) = \/gf A

= () = \Etan‘1 (g) +c
when1=0,f,(0)=0,=2c=0
= 1 (2
s Q) = \/%tan L (E)
Again taking Inverse Fourier Sine transform

2 oo —_1 {1\ .
f(x) =;f0 tan 1(;) sin Ax dA

Substituting f(x) = ? on both sides

e—ax

= %fooo tan™! (g) sin Ax dA

X

Putting x =1 on both sides
ge‘a = fooo tan‘lg sinAdA

0o 14 . T
= [ tan '=sinxdx =-e™®
0 a 2

0 cosAt T

Example 10 If t > 0 Show thati. [ di= —e %,a>0

0 224 q2 2a
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.. oo Asin At T _at
= - <
ii. [y S dd=e%a<0

Solution: i. Let f(t) = %e‘at,a >0,t>0

Taking Fourier cosine transform of f(t), we get
FfO} =0 = \/% J,” £ () cos At dt
— T |2 (*® ,-at
_Za\/;fo e~ cos At dt
1 | a

- a\/;a2+/12

Also inverse Fourier cosine transform of £,.() gives f(t) as:

F© = 217 R0 cosacar

1 |m [2 (o a
—;\/;\/;fo — 5z Cos At dA

:f(t) =foo cos At di

0 A2+a2
. (% cosAt T _at
fO mdl = ;e ,a>0

ii. Again let g(t) = ge“t,a <0, t>0

Taking Fourier sine transform of g(t), we get

Rl@} =50 = [2 [ g@sinacdr
_ T |2 (® at
—2\/;f0 e*sinAtdt,a <0

= \Efoooe‘“t sinAtdt,a >0

_ m_A
T\l 2 a2+22

Also inverse Fourier sine transform of g,(A) gives g(t) as:

g(®) = \/% Jy” gs() sin At dA
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Ffca

sm/ltd/l
oo Asin At
=g =, 5d4
oo Asin At T at
= — <
fO A2+ g2 A 28 a=0

—x2
Example 11 Prove that Fourier transform of e 2 is self reciprocal

Solution: Fourier transform of f(x) is given by

FU%O}Ef@)=%:f”¢“f@ﬁh
wFle }fu)J_f et dx
A + ilx (xz— 2 lAX)
= w e b=l
- L7 Rt @t @) g
- \/%_n fjooo e_Tl(x_i’UZJrg dx
__12
- evzz_n [2 ez ™IV gy
22

By putting z = (x — i)

22
_ 2e 2

212
= foooe_(\/_f) dz

Putézt =dz= 2 dt

22

FF) =R (e

dt

fooo et dt

being even function of z

~ 5
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2 _12
Hence we see that Fourier transform of e 2 is given by e 2 . Variable x is transformed
2

to A. .. We can say that Fourier transform of eT is self reciprocal.
Example 12 Find Fourier Cosine transform of e™*

Solution: By definition, F.{f(x)} = f.(A) = \/%fooof(x) cos Ax dx

=) = \/%fooo e~ cos Ax dx

ff mx+e mx) dx

= Efo (e e 4 o=xgilx gy

- L fooo(e—x2+i/'lx + e—xz—i/'lx) dx

BN (e_(xz_z (@) + (2~ (2)) L (2 (2)e+(2)'- (%)2)> "

i i in? 222
:\/%fooo (e_(x_;) 2 + e_(x+7l) + : >dx

- (=) (=)
e oo _ %) +
mfoexz dx+ [, e\ dx]
—2.2 _12
N R B
“Veml2 U217 vom
_ 1 A%
=>fc(7\)_\/—56 4

Or

Fourier Cosine transform of e~*"can also be found using the method given below:

.0 = \/%fom e cosdxdx ...D

Differentiating both sides with respect to A

= ;—Afc()\) - —\/%fom xe™** sin Ax dx
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_x21® . —x2
=\/E[sin/1x. : ] —\/Ef Acos Ax.—dx
T 2 1, w0 2
_ _& E © 2
=0 2\/;f0 e ™ cosixdx ...©@
> S ==-2£® using® in®@

%f <) _ A

ey 2
Integrating both sides with respect to A

= log f.(A) = —; + log k , where log k is the constant of integration

_ 22
S Q) =Ke 5 ...®

2 fo .2 _E
= ;fo e ™ cos Axdx = ke =

Putting A = 0 on both sides

\/%foooe_xzdx =k

_ 2w _ 1
:>k—\/;.2 —ﬁ.....@

Using @ in 3, we get

AZ

fel) =%e7w

Example 13 Find Fourier transform of xe 9 ,a>0

Solution: By definition, F{ xe=*"}=f(1) = \/% [7 xe—@ oM gy
= \/% f_oooo xe—ax2+ilx dx
i i 2 i 2
B G RCI
27 V=
i 2 i222
= \/% f_oooo xe_a(x_ﬁ) + 4/}1 dx
_4_/}12 i i1\? 1 i1\ 2
- i/ﬁ fjow( B ZL_a) “lz) dx+ ;_af_oooo e (%) dx
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e 4a

= [ff"oo te™% dt + %ff"w et dt] , Putting (x - %) =t

N

22
e 4a

== [0 + %f:’ g—at? dt]

—at2. . 2. . .
 te”"is odd function and e ~*"is even function in t

-2
e4a ) poo0 2
- — _(\/Et)
7= ado € dt
-2
iA %} .
:i/:—i'ai/zfo e ?" dz ,Putting vat =z
—22
_eaa il ﬁ L(® g2 _ﬁ
s 2 Jy €77 dz =2
—22
ile4a
=>f(/1)—2am

2
Example 14 Find Fourier cosine integral representation of f(x) = {x 0<x<a

0 , x>a
2
Solution: Taking Fourier Cosine transform of f(x) = {)6 0 < ;C i Z

R = L0 = [2f7 FG) cos ixax
= L) = \/%foaxz cos Ax dx
f [( 2) sm/lx _ (2 )( cosAx) n (2)( sm/'lx)]:

=> ) = \/7[ — — — smla + —cosla]

Now taking Inverse Fourier Cosine transform

flx) = f [(— — —) sinda + = cosla] cosAx dA

2
This is the required Fourier cosine integral representation of f(x) = {J(; 0 < z ; Z

Example 15 If f(x) = {f’)mx’ gt;efwi_; , prove that
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f(x) _ _foo 2cos Ax + cos(m+x)A+cos(mt—x)A

dA . Hence evaluate
1-A2

sinx, 0<x<m

Solution: Given f(x) = {0 otherwise

To find Fourier cosine integral representation of f(x), taking Fourier Cosine
transform of f(x)

JANE \/% fooo f(x)cosAxdx = \/% fon sin x cosAxdx

fon (sin(A + 1)x —sin(4 — 1)x) dx

2

m N[=] S[=] §[=] §[- ?I

_cos(A+1)x |, cos(A- 1)x] T
0

(A+1) 1-1)
_ _cos(/1+1)7t cos(A-1m 1
- (A+1) 1-1) A+1)  (A-1)
[cosAm  cosAm 1

| a+1) (-1 t A+1) (A-1)

[(A-1) cos At — (A+1) cos A A-1-1-1
A+1)(a-1) A+1)(1-1)

[—2 cos Amr— 2] [1+cos/11t
R EES 1-22

Taking Inverse Fourier Cosine transform, f(x) = \E f0°° f-() cos Ax dA

= fe) =

= f(x) = —f [Hcosm] cos Ax dA

00 2c0SAx + 2 cos A cos Ax
-, da
1-22

_ foo 2cos Ax + cos(m+x)A+cos(m—x)A di
- 1-22

0 2cos Ax + cos(m+x)A+cos(m—x)A dl

:f(x)__f 1-22

sinx, 0<x<m
0, otherwise

Putting f(x) = {

o0 2cos Ax + cos(m+x)A+cos(m—x)A sinx, 0<x<m
=2 dr = { .
1-22 0, otherwise

Putting x = g on both sides
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o 2cos Uz + cos(n+ )/1+cos(7r—2)/1

=2J; 2 22 g1=1
- [P =T = [
Example 16 Solve the integral equation fooof(x)cosaxdx _ {1 E,/LO i i? 1
Hence deduce thatf sin tdt = %

o o (1-20<1<1
Solution: Given that fo f(x)cosAxdx —{ 0 1> )

:‘\ff f(x)cosAxdx = \f(l A),0<1<1
0, A>1.

2
= f.() = \/;(1—70,03/131
0, 1>1.

Taking Inverse Fourier Cosine transform

FG) = [2[7 £ cos Axda

= f(x) = % fol(l — ) cos Ax dA

[(1 /1) (sm/'lx) . ( 1) ( cos)Lx)]:

=2 [_ﬂ 11_2 [1—Cosx] _ 2 25in2§
= 2 x2 - T %2 - T x2
4
> () =—52...0
Using @in @, we get
o0 4 = _ < <
Jy j,l: 2 cosAxdx = {1 0 4,0 71’;—1 1

Putting A = 0 on both sides

4 ooSlTl
== 2dx—l
T Y0
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Putting §= t, dx = 2dt

oo sin?t T

dt=1=
2

fooSinthdt =% = [

0 4¢t2 0 ¢2

Example 17 Find the function f (x) if its Cosine transform is given by:

: (2
(i) Sne? m{m@ ), 1< 2a
A 0 . 1>2a

sinal

Solution: (i) Given that f.(A) = ~

Taking Inverse Fourier Cosine transform
flx) = %fooof_c(A) cos Ax dA

= f(x) = %fooo Sir;al cos Ax dA

1 2 poo2sinalcosAx
=-.-) ———dA

T 2o A
_1 o sin(a+x)A o sin (a—x) A
== [+ - [0

Now 0<x< oo =~ a+x>0

- E+E] ,a—x>0iex<a
= f(x) =
IE—E], a—x<0iex>a

1[7‘[ T

0

1 )
(ii) Given that £.(A) = {E (a B E)’ A< 2a
0o , A= 2a

Taking Inverse Fourier Cosine transform

ﬂ@=£fﬁ®mﬂwﬁ

= fx) = I 2 L a—— cos/lxd/l

=1k (a - E) cos Ax dA

) - (=)

oo sin Ax
) dx =
x

Z1>0
2
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sin? ax

2x2 2x2

[1 —cos2ax] =

_ 1[ cos2ax 1 ] _
2mx? x2

T

Example 18 Find the function f (x) if its Sine transform is given by:
(i) et (ii)

Solution: (i) Given that f,(A) = e~ %
Taking Inverse Fourier Sine transform

fG) =27 £ () sin Ax dA

> f(x) ==, e sin Axdd = =

T a?+x?

1+A2

X

(ii) Given that f,(0) = —

Taking Inverse Fourier Sine transform

fG) =2 [ £ sin Ax dA

= f(x) = f +/12 sin Ax d
_ 2w X (1413)-1
=20 samsinAxdd = fo s Sindx da

oo sin Ax o sinAx
= —f /'l — _f
0 A(1+A2)

=>f(x)—1——f°° SIAY G4 ©

A(1+42)

. J-oo sin Ax

s
N dl—;,x>0

Differentiating with respect to x

o AcosAx

ﬁf(X)_O__fO l(1+lz) 2’

> () =—2["225dl....@

(1+22)

oo A sinAx

Also f'(x) = 2} S dA = £ ()

= f"(x)— f(x)=0....3

This is a linear differential equation with constant coefficients

(®may be writtenas (D? — 1)f(x) =0

Auxiliary equationis m? —1 =10
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>m==*1
Solution of @ is given by
fx) =ce*+ce™.....@
= f'(x) = ce* —ce™ ....®
Now from @O, f(x) =1,atx =0

Using in @, wegetc, +¢c, =1...0

2 oo 1
m70 (1+A2)

Again from @, f'(x) = — dl,atx =0

= f'(x) = —%[tan‘1 Aly=—-1latx=0
Usingin ®, wegetc, —c,=—1....D
Solving ® and @, wegetc; =0, ¢, = 1
Using in @, we get f(x) = e~
Note: Solution of the differential equation £ (x) — f(x) = 0 may be written directly
asf(x)=e™™

Example 19 Find the Fourier transform of the function f(x) = e ®*l, —0 < x < o0

e x<0
e ¥x>0

Fourier transform of £(x) is given by F{f(x)} = f(0) = [ e™f(x)dx

Solution: f(x) = {

= f) = f_ooo e e dx + fooo e~ X dyx
- J‘O eX(@+id) gy 4 fowe—x(a—il)dx

[ex(a+i21)] 0 [e —x(a—il)] ©
—00 O

(a+in) (a—id)
= 1 1 2a
=>f) = a+il t+ a—il  a2+A2
_ 2a
F{e alxl} = a2+12
Result: F{e‘“|x|} _ 2a e [ 2a ] _ —alx
a? + A2 a? + A2
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N _ 1
Example 20 Find F~1 [W]

. g 1 S 1
Solution: F [(9+/12)(4+,12)]_5F [ 9+,12+4+,12]

L

32422 22422

N e
30F 9+12 +20F 4+22

= — 3l +—e‘2|"| < F~ [
30

] = e—alxl

az+12
Example 21 Find the Fourier transform of the function f(x) = e *U(x), a > 0
where U(x) represents unit step function

0, x<0 _{0, x<0
1, x>0 e x>0

Fourier transform of f(x) is givenby F{f(x)} = f(A) = ffooo e f(x)dx

Solution: f(x) = e‘“"{

= f) = foooe‘“"eux dx

- f0°° e—x(@=id) gy

_ e—x(a-in)1®
- [ (a—i%) ]0
= 1
= f(}\) T a-ia
fF{f(0)} = —
—ax —_ -
or Fle™*U(x)} = —
Result: 1
Fle™U(x)) = —— = F1 [ _| = ey = e H()
—iA a—il
Note: If Fourier transform of f(x) =e *U(x) is taken as

© __ilx ,—ax 1| 1] _ -ax — ,—ax
J_. e e *U(x)dx, then F [a+m] =e *U(x) = e *H(x)

Example 22 Find the inverse transform of the following functions:

S S i i, ————

1 2-3i1- 22 " 8+6i1— A2 " 6-5i1— A2
L L]
Solution: i. F [2—31'/1—,12] N [(1 i) (2- LA)] (1- l/'l) (2-i2)
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= Rl
F [(1—i,1) (2-id)

e *H(x) —e ?*H(x) ~F! [ ! ] = e “H(x)

a—il

N F‘l[ 1 ] _((e*—e™),x=>0
2-3ir—22] 0, x<0
. F~ [ ] = [—] = P 1. ]
8+6i1— A2 (4+iA)(2+i1) (4+id)  (2+4id)

=F [(4:1',1)] —F [(z:m)]
=e *H(x) — e ?*H(x) w F~ [ ] = e “H(x)

- ]={<e—x—e—2xxxzo

8+6i1— A2 0, x<0

I F~ [6—51'/1— /12] = 5F" [m] =5F (2-id) (3‘1"’1)]

= 5F7 [(z—m)] — ok [(3—01)

=5e 2*H(x) —5e3*H(x) ~F1 [ﬁ] =e *H(x)

- p-1 [ 5 ] _ {S(e‘zx —e3),x=>0

6—5i1— A2 0, x<O0

Example 23 Find the Fourier transform of f(x) = - !

—ix

Solution: We know F~! [ﬁ] = e “H(x)

- F1 [ﬁ] — e 2%H(x)

=4 [* et g) = e 2*H(x)

2w Y =0 2—id
Interchanging x and A, we get

1

lx

~ix dx = e 2 H(Q)

ool

_{0, 1<0
e 1=>0

)

0 ; idlx _ 0 y A < 0
= f“’OZ—ixe dx = {2ne‘2’1, A>0

Page | 21



- F{ ! }_{0, 1<0

2-ix ) 2me™%4, 1 >0

2.3 Properties of Fourier Transforms
Linearity: If £(1) and g(A) are Fourier transforms of f(x) and g(x) respectively, then

Flaf (x) + bg(x)} = af () + bg(Q)

Proof: F{af(x) +bg(x)} = \/L_ JZ laf (x) + bg(x)] e**dx

= a\/% 1= e dx + b— I= ge*dx
= af (1) + bg(A)

Change of scale: If f(1) is Fourier transforms of f(x), then F{f(ax)} =

Qr

7(2)
Proof: F{f(ax)}= \/%_n 1= flax).e?

Putting ax =t = adx = dt

1

CFIf@0) = 2= [ F©.e% %=1 L % p(o).e @i
=27 (3)
Shifting Property: If f(1) is Fourier transforms of f(x), then F{f(x — a)} = e*® f(1)
Proof: F{f(x—a)} === [ f(x—a).e™
Putting (x —a) =t =dx =dt
SF(f(c— @)} = 2= [ f(©).eM+D dt

= el — [7 f(6).eMdt = e F(2)

Modulation Theorem: If f(1) is Fourier transforms of f(x), then

i.  F{f(x)cosax}= % {]_C(A +a)+ ]_C(A — a)}
ii.  Ff(x)cosax]= z {]_” A+a)+ (- a)}
iii.  Fc[f(x) sin ax] —{f A+a)— (- a)}
iv. Ff(x)cosax]= E {fc(/l +a)+f.(1— a)}
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v. F[f(x)sinax] = % {]_CC(A —a) — ]TC(A + a)}

Proof: i. F{f(x)cosax}= \/% ffooof(x) cos ax . e*

iax . ,—iax
== [0 fG) e dx

1

1 o) i 1 00 i(A—
= 5[\/? J_ o f)ett+axdy + 2o (e @ a)"dx]

=-{fO+a) +f - a)}
ii. Fs[f(x) cosax] = \/%fooof(x) cos ax sin Ax dx

= % %fooof(x) [sin(A + a)x + sin(A — a)x ]dx

= %[\/%fooof(x) sin(A + a)x dx + \/%fooof(x) sin(A — a)x dx
= .0+ a) + 0 - o)
i, Flf () sinax] = [2[° f()sinax cos dx dx

= % %fooof(x) [sin(A + a)x — sin(1 — a)x ]dx

= %[\E fooo f(x) sin(A + a)x dx — \/%fooof(x) sin(A — a)x dx

1

== {]_CS(A +a)— ]TS(A — a)}

iv. Fe[f(x) cosax] = \/%fooo f(x) cosax cos Ax dx

= % %fooof(x) [cos(A + a)x + cos(A — a)x ]dx

= %[\E fooo f(x)cos(A + a)xdx + \/%fooof(x) cos(A — a)x dx
=~ {f.0+ 0 +£0-a)

V. Fs[f (x) sinax] = \/%fomf(x) sin ax sin Ax dx
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= % %fooof(x) [cos(A — a)x — cos(A + a)x ]dx

= %[\E fooo f(x) cos(A — a)x dx — \/%fooo f(x) cos(A + a)x dx

= {f.0-0-£(+a)
Convolution theorem: Convolution of two functions f(x) and g(x) is defined as
f@)* gt = [2, fWglx —wdu

If (1) and g(A) are Fourier transforms of f(x) and g(x) respectively, then
Convolution theorem for Fourier transforms states that

F{f(x)  g()} = F{f ()} F{fg(x)} = f(1). g(A)
Proof: By definition f(A) = \/%_n I= e flx)dxand gA) = [ e g(x)dx
Now f(x)+* g(x) = [7, f(wg(x — wdu

[0¢]

S F{f(0)x g} = [0 e™[[° f)g(x — wdu]dx

Changing the order of integration, we get

~F{fxgy= [T f|f e*g(x —wydx]|du

Putting x —u =t = dx = dt in the inner integral, we get
Fif »g} = [ f[J2, e*®Dg(t)dt]du
= [ e ff, e*g®)dt]du

= [ e f(w)gh) du

=g [, e™ f(wdu
= f(2).9(%)
Example 24 Find the Fourier transform of e~*”. Hence find Fourier transforms of
i.e"%" g >0 ii. e_sz iii. e2=3% jy. e~ cos 2x
Solution: F{e™**}=F(1)= J%_n [Z e et dx
— % f_°°oo o~ X2HIAX ]y
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i N2 [in?
1 O @)
2 Y —®
- inZ | i2a2
:\/%f_ooe_(x_7) 4 dx
=22 2
:i/Zi fjoooe_(x_;) dx
-2
_ e 4 j,o0 .2 . _ il
== J e dz By putting z = (x—;)
A2
= ij_: e dz e~* being even function of z
=22 32
_2e 4 T _ -
F =2t Tl L

- We have F{f ()} = f(1) = e if f(x) =™

Now F{e~*’} = F(2) = %e—%.

V2
Now Fle='} = F{e(V@)’}

= \/ia f (\/%) By change of scale property.... @

1 1)2 1 22

. —ax?) -1 1 __(_a =——e¢ i '
L Flem == —e iV = —eT Using Din @

Putting a = % ini.

_x2 1 _T' _ﬁ
File 2 t=—.e 2 =¢e 2

Tofind F{e72*=°} Puta =2 ini.

2 1 _ﬁ
F{e=2*"} =-e’s

2 , _2? - -
o F{e 206-97) = ¢3i4, %e s - By shifting property F{f (x — k)} = e**f(1)

To find Fourier transform of F{ e~**cos2x}

F{f(x) cosax} = % f(A+a)+ f(1—a) By modulation theorem

2
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(/1+z) (1-2)2
. -x? — 1 -
. F{e™ cos2x} = [\F t5e ]

Example 25 Using Convolution theorem, find F~* [ﬁ]

o [ = [t g
Solution: F~* [ —— (a-IHG-iD) D 5

Now by Convolution theorem

F{f(x) *g(®)} = f(1). gA) = F[f(D).3) | = f(x) * g(x)
« F7 [(4—1i,1) ' (3—11',1)] =F [(4—11',1)] *F [(3—1i,1)]

= e~ H(x) * e 3*H(x) v 1 [ﬁ] = e~ H(x)

= [7 e H(u)e 3¢ WH(x — u)du
f)* g = [0, fWg(x —w)du
=3 f_oo e *HwH(x —u)du

u=>0x—u=20, iel0<u<x

Now H(WH(x —w) = {0u<0x—u<0 i,eu<Oandu>x

1|1 | = p-3x -u — =3x[,-ulx — _ ,=3x[,—X __
[12 7id— ,12] € fe du = [e7"]§ = —e™¥[e 1],x =0

- e—3x _ e—4x’x > 0

o p-1 [ 1 ] _ {6‘3" —e™ x>0

12—-7iA— A2 0, x<0
311
2—ild

Example 26 Find the inverse Fourier transforms of
Solution: i. We know that F~! [L] = e “H(x)
a—il
S FT ] = e H ()
Now By shifting property F{f (x — k)} = e"'”‘]_C(A)
= F e f(D)] = f(x — k)

] = e 263 (x — 3)

3id

~F [2 ir

Page | 26



2.4 Fourier Transforms of Derivatives
Let u(x,t)be a function of two independent variables x and t, such that Fourier
transform of u(x, t) is denoted by u(4,t) i.eu(A,t) = ffooo e u(x, t)dx

ou 9%u

15z 0 asx - Foo,

Again let u, -~

2
Then Fourier transforms of — a— with respect to x are given by:

' ox2’
1P = I e‘“"a—”dx = [e*u]”_ —iA[* eFrudx = —iA T, ©)

)= e Sax = [ 8] —af7 en Sar= i aay

F{22) = (—iymu(at)
2. Fourier sine transform of 62_u IS given by:

9%u o 92u oul® 00 du
F. {—} = —sinAx dx = [sin Ax —] -1 cos Ax —dx
S Lox2 fo dx2 axlg fo dx

=0 —Alcos Ax.u(x, )]y — A2 fooo sin Ax ZZTZ dx
a2 —
 Fo {5} = 2u(0,0) - 2%u,(a,0)

. . 0%u . .
3. Fourier cosine transform of —u IS given by:

E {(’iz_u} = foooicoslxdx = [coslx‘;—z]w +/1f°°sinlxa—udx

¢ (9x2 x>

= —[Z—z] + Alsin Ax . u(x, )19 —/12f cosAx—dx

{axz} [ax x=0 o }‘zﬁc()*: t)

4. Fourier transforms of 7’; with respect to x are given by:

2 i 0 -
F {a—?} = ffooo "1"6—1: x = %ffoooe"lxu(x, t)dx

{"“} = 24, t)

at
similarly F, {3} = S,(2,0)

at

{a"} tizf(a”t)

at
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2.5 Applications of Fourier Transforms to boundary value problems

Partial differential equation together with boundary and initial conditions can be easily
solved using Fourier transforms. In one dimensional boundary value problems, the partial
differential equations can easily be transformed into an ordinary differential equation by
applying a suitable transform and solution to boundary value problem is obtained by
applying inverse transform. In two dimensional problems, it is sometimes required to
apply the transforms twice and the desired solution is obtained by double inversion.

Algorithm to solve partial differential equations with boundary values:
1. Apply the suitable transform to given partial differential equation. For this check
the range of x
I. If —oo < x < oo, then apply Fourier transform.
ii. 1f0 < x < oo, then check initial value conditions
a) If value of u(0, t) is given, then apply Fourier sine transform

b) If value of [Z—’;] Is given, then apply Fourier cosine transform
x=0

An ordinary differential equation will be formed after applying the transform.
2. Solve the differential equation using usual methods.
3. Apply Boundary value conditions to evaluate arbitrary constants.
4. Apply inverse transform to get the required expression for u(x, t).
Example 27 The temperature u(x, t) at any point of an infinite bar satisfies the equation

ou  0%u

. = gnz TP <X <™ t> 0 and the initial temperature along the length
1for|x| <1

0 for|x| >1

Determine the expression for u(x, t).

of the bar is given by u(x, 0) = {

Solution: As range of x is (—oo, ), applying Fourier transform to both sides of the
given equation :

P =r 5
Ju

= 20(1,0) = —22A(, 1)+ F{3} = Zu@,t) and F {37”} = (=iD?ux, 1)

Rearranging the ordinary differential equation in variable separable form:
=%~ 24t @) whereu =~ u(a,t)

Solving @ using usual methods of variable separable differential equations

logu = —2%t +log A
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= logg = —1%t
suLt)=Ae ¥t @
Putting t = 0 on both sides

11,0 =4.. ®

1for|x| <1

Now given that u(x, 0) = {0 for|x| > 1

Taking Fourier transform on both sides, we get

=% (1,0) = %_n I u(x,0) e M dx

1 1[ i1 e_u]_ 1 Zi[ei’l—e_i’l]
T Vzm oA B [

= u(1,0) = \/i_n% @

From and @), we get

Using ® in @), we get

2 smA —22t

Nl
Taking Inverse Fourier transform

ulx, ) = =/ e ™ u(1,0)dA

uA,t) =

= u(x,t) = foo S o APt g-itrg)
= u(x,t) = foo sind e~**t(cos Ax — i sin Ax)dA
= u(x,t) = %fome"’lzt (w) dA (M) is odd function of A

Example 28 Using Fourier transform, solve the equation —t = ka_Z’ 0<x<oo, t>0

subject to conditions:
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i. u(0,t)=0 t>0
. u(x,0)=e™* x>0
ili. wuand Z—Z both tend to zero as x —» +o

Solution: As range of x is (0, ), and also value of u(0,t)is given in initial value
conditions, applying Fourier sine transform to both sides of the given equation:

{5 = ke {5

=S4, (4,1) = kiu(0,t) — kA% (4, 1)
R = 25,0,0 and R {24} = Au(0,0) - 27,4, 1)
> S0 = —kAZm (L) v u(0,6) =0
Rearranging the ordinary differential equation in variable separable form:
N ‘%ﬁ = —kA%dt..D  wheren ~u,(1t)
Solving @ using usual methods of variable separable differential equations
logu = —kA*t + log A
= log* = —kA%t
S>ut)=Ae ™t ©
Putting t = 0 on both sides
>u;2,0)=4.. ®
Now given that u(x,0) = e™*

Taking Fourier sine transform on both sides, we get

= U (1,0) = \E f0°° u(x, 0) sin Ax dx
= \/%fom e ¥ sinAx dx

_ 2 A
= Uus(4,0) :\/; — . @

From @and @, we get

Page | 30



2 A
A_\Emz...@

Using ® in @), we get

_ 2 A _p
us(/l,t)=\/;—1+/12 e ~kA°t

Taking Inverse Fourier sine transform

u(x, t) = \E f0°° u,(A,t) sin Ax dA

o A

= u(x,t) =2 e ~k*t gin Ax dA

w70 1422
Example 29 The temperature u(x, t) in a semi-infinite rod 0 < x < oo is determined

2
by the differential equation Z—L: =2 ZTZ subject to conditions:

. u=0,whent=0, x>0

ii. Z—z = —k (a costant), whenx =0,t > 0

Solution: As range of x is (0, ), and also value of [2—2] is given in initial value
x=0

conditions, applying Fourier cosine transform to both sides of the equation:

R () = 2n {5

d — _ du 27—
> Lu 0= 2|7 —207(,0)

" F, {6—”} = iﬂc (4, t) and F, {ZZTZ} = - [6_u — Puc(A,t)

at) T at axly=o

= %ac(a, t) = 2k — 222U, (A, t)

= % +22%u=2k.. ® where u =~ u.(A,t)
This is a linear differential equation of the form Z—i’ + Py =4Q
where P = 212, Q = 2k

Integrating Factor (IF) = e/ Pdt = gJ 22%dt = 522%t

Solution of (D is given by

u.e?t= [ 2k.e2M°tdt 4+ A
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A%t
—  232;_ 2ke?
= u.e -

222

s>u.(t) = % + Ae 2t | (®

+A

Putting t = 0 on both sides
S% (L0 =5+4 .. ©
Now given that u(x,0) = 0
Taking Fourier cosine transform on both sides, we get
= u.(4,0) = fooo u(x,0) cosAx dx = 0
= %,(1,0) =0.. @
From and @), we get
A=-£.06

/12
Using ® in @), we get
— k _272
u.(4,t) = /1—2(1 — e72%)
Taking Inverse Fourier cosine transform

u(x, t) = %fooo u.(A,t) cosAx da

2k oo <1—e—2'12f

= u(x, t) ==, = )cos/lxd/l

2
Example 30 Using Fourier transforms, solve the equation % = kZTJZ’,x >0,t>0
subject to conditions:

. y=a whenx=0,t>0
. y=0,whent=0, x>0

Solution: As range of x is (0,0), and also value of y(0,t)is given in initial value
conditions, applying Fourier sine transform to both sides of the given equation:

i o = e {53

d— _ _
= —¥,(4,1) = kAy(0,t) — kA%y (4, 1)

) - ) _ y
B {5} = w7 @0 and B {Z3 = 2y(0,0 - 7,0
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- %?S(A, ) =kad—kA?y (Lt)  =y(0,)=a
=2 4 k2%y = kad .. © wherey ~ ¥ (4,t)
This is a linear differential equation of the form Z—z + Py =Q
where P = kA%, Q = kal
Integrating Factor (IF) = e/ Pdt = g kA%dt = gka®t
Solution of (D is given by
y.ekt= [ kad. e*’tdt + A

kA%t
— kA2t_ kalde
=Yv.e =

y kA?

+ A
=Y, 0) =5+ de7 @
Putting t = 0 on both sides
>y, 20 =2+4.. O
Now given that y(x,0) = 0
Taking Fourier sine transform on both sides, we get
=y.(4,0)= fooo y(x,0)sinAxdx = 0
=y (4,0) =0.. @
From ®and @), we get
A=-2.0

2
Using ® in @), we get

¥4, 0) =5 (1)

Taking Inverse Fourier sine transform

y(x,t) =2 [ (4, t) sin Ax d2

oo [1—p—kA%t
=>y(x,t)=2;“ (1 > )sin,lxd,l

0

Example 31 An infinite string is initially at rest and its initial displacement is given
by f(x),—o < x < co. Determine the displacement y(x, t) of the string.
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Solution: The equation of the vibrating string is given by

0%y 0%
ot? dx?

Initial conditions are

d
oy =0
i, y(x,0)=f(x)

Taking Fourier transform on both sides
i =er 5
> LJA 0= —c22F(2,0) where F{y(x,0)} = (4, 0)
>4 25 =0..0 where ¥ ~ J(4,¢)
Solution of @ is given by
y(A,t) = Acoscpt + Bsincpt .2
Putting t = 0 on both sides
y(A4,0)=A.. ®
Given that y(x,0) = f(x)
>5(,0)= f(1)..@
From 3 and @
A=f).. ®
Using ® in @
y(A,t) = f(A)cos cpt + B sin cpt ...0)

= ?3_3; = —cpf(A)sin cpt + cpB cos cpt

- =cpB.. @

dtle=o

Also given that a_y] =0..
otli=g

From @ and ®,weget B =0.. ©
Using @ in ®, we get
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y(4,t) = j_f(l) cos cpt
Taking inverse Fourier transform

v 6) = == [ T (A, e *da

= y(x,t) = \/% I= (%) cos cpt e"#*dA
Exercise 2A

, |xl <a

1. Find the Fourier transform of f(x) = {a(; lxl"‘l =a

oo sin?
Hence prove that f,"=5=d

x2

2. Solve the integral equation fO°° f(x)cosdxdx =e*,1>0

x, 0<x<1
3. Obtain Fourier sine integral of the function f(x) = {2 —x, 1<x<2
0, x>2
4. Prove that Fourier integral of the function f(x) = {1’ Xl =1 IS given by
' 0, otherwise

5. Find the Fourier sine and cosine transforms of xe~¢*

sinx T
dx =—

X 2

fl) = %fOOOWd)L Hence show that J*

6. The temperature u(x, t) at any point of a semi infinite bar satisfies the equation

2
u_0% <x<oo t>0,subject to conditions
ot dx2
i. u(0,t) =0,t>0
.. 1, 0<x<1 . .
. . u(x,0) = {0’ > 1 Determine the expression for u(x, t)

7. Determine the distribution of temperature in the semi infinite medium, x > 0, when the
end at x = 0 is maintained at zero temperature and initial distribution of temperature is

f(x).

Answers
2(1—cosar) _ 2 _ 2 (o (2sind-sin24) .
1. = 2. f(x) = o 3. f(x) = ,Tfo —————sinAxdA
2al a?-12

© 1-cosA _ .
6. u(x,t) =§f0 1%6 2% gin Ax dA

(@2442)2 " (a%+12)?

7.u(x, t) = %foooﬁ(l)e‘cz’lzt sin Ax dA
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