Chapter 1

FOURIER SERIES

1.1 Introduction

Fourier series introduced by a French physicist Joseph Fourier (1768-1830), is a
mathematical tool that converts some specific periodic signals into everlasting sinusoidal
waveforms, which is of utmost importance in scientific and engineering applications.

The Fourier series allows us to model any arbitrary periodic signal or function f(x) in the
form % + (a,cosx + a,cos2x + ---) + (bysinx + b,sin2x + ---) the interval [C, C + 21]

under some conditions called Dirichlet's conditions as given below:

(1)  f(x) is periodic with a period 21

(i)  f(x) and its integrals are finite and single valued in [C, C + 2]
(i)  f(x) is piecewise continuous™ in the interval [C, C + 21]

(iv)  f(x) has a finite no of maxima & minimain [C, C + 2]

* A function f(x) is said to be piecewise y
continuous in an interval [a, b], if the interval can
be subdivided into a finite number of intervals in
each of which the function is continuous and has y = f(x)
finite left and right hand limits i.e. it is bounded. \/ E—
In other words, a piecewise continuous function is

a function that has a finite number of
discontinuities and doesn’t blow up to infinity X
anywhere in the given interval. ° b

Thus any function f(x) defined in [C;,C,] and satisfying Dirichlet's conditions can be
expressed in Fourier series given by f(x) = %+ Yoy Apcosnx + Y»_, b,sinnx where

ay, a, bpare constants called the Fourier coefficients of f(x), required to determine any
function into Fourier series.

Periodic Functions

A function f(x) is said to be periodic if there exists a positive number T such that
fx+T)= f(x)Vx€ER.

Here T is the smallest positive real number such that f(x + T) = f(x) V x € R and is called
the fundamental period of f(x).

We know that sinx, cosx, secx, cosecx are periodic functions with period 2w whereas
tan x and cotx are periodic with a period m. The functions sin nx and cosnx are periodic

with period 27” , While fundamental period of tan nx is %

Examplel Determine the period of the following functions:
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i. sin(5x + 3) ii. sin®x iii. |cosx| iv.sinx + cosx
v. K , where K is a constant Vi. cos x + é cos 2x+ % cosg
Solution: i. f(x) = sin(5x + 3)

sin 5x is a periodic function with a period 2?”

= f(x) is periodic with a period 2?”

1-cos2x _ 1 COS 2x

ii. f(x) =sin?x = , - -
cos 2x is a periodic function with a period 27” =1

= f(x) is periodic with a period

iii. f(x) =|cosx|= VcosZx = |x| = Vx2

__ [1+4cos2x
2

Now cos 2x is a periodic function with

. 21
a period S =T

=~ f(x) is periodic with a period
Note: From the graph of |cos x|, period is 7

1

: : _ : 1
iv. f(x) = (sinx + cosx) = V2 (ﬁsmx + ﬁcosx)
. s . T
=42 (sm X cos -+ cos x sin Z)
. T[
= V2 sin (x + Z)
Now sin x is a periodic function with a period 2
= f(x) is periodic with a period 27
Or

Periods of sin x is 2m and period of cos x is also 2x
.~ f(x) is periodic with a period which is lowest common multiple (l.c.m) of
(2m,2m) =21
v. f(x) = K , where K is a constant
=>f(x+T)=K=f(x)Vx€ER
~ f(x) is periodic function, but fundamental period of f(x) i.e.T can not be defined
since it is the smallest positive real number.

Vi. f(x) = cosx + § cos 2x+ % cos;—c
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Periods of cos x , cos 2x and Cosz are 2m,  and 67 respectively.
~ f(x) is periodic with a period which is lowest common multiple i.e.

(l.c.m) of 2mt, w,6m) = 6TC

Example 2 Determine a sinusoidal periodic function whose period is given by:

=18

i, £ ii. 2 — k
2
Solution: The function sin nx is periodic with period 27”

. T 2T
. -==—>n=2k
k n

= The required periodic function is sin 2kx

.. k 2T 41T
In.-=— =sn=—
2 n k

~ The required periodic function is sin‘%x

2T 2T
m.2—-k=— =osn=—
n 2—-k

~ The required periodic function is sinj%
Example 3 Draw the graph of the following functions which are assumed to be periodic
with a period ‘4’, such that f(x + 4) = f(x)
L f(x)=x, —2<x<2 i f(x) =|x], -2<x<2

Solution: i. Potting graph of f(x) = x in the interval (—2,2) and repeating periodically in
the intervals (—6,—2) , (—10,—6) on the left and (2,6), (6,10) on the right, since period of

f(x) is given to be ‘4 units
O O 42 < (@ 'S
// 4 - //
4 o // 2 pd
A /-/ s - - /

e | e - e i e v e i e

10 "8 6 4 - 2. 2 4 6 8 10
o o e e e

ii. Potting graph of f(x) = [x| in the interval (—2,2) and repeating periodically in the
intervals (—6,—2) , (—10,—6) on the left and (2,6), (6,10) on the right, since period of

f(x) is given to be ‘4 units
= 2 // P Q
e ) / \‘\ o A N
| % | JI.// A4 ‘ \\\ ’// 1 JI'/ | % / J
-10 -8 -6 -4 -2 2 4 6 8 10




Example 4 Draw the graph of the following functions which are assumed to be periodic
with a period ‘T’, such that f(x + T) = f(x)

i F(x) ={—3,—5 <x<0

3, 0<x<5 flr+10) = f(x)

i F(x) ={53“xn(;i’;sz§ e +2m) = f(x)
0, 0<x<?2

il f(x)={1, 2<x<4 flx+6) = f(x)
0, 4<x<6

Solution: .

Plotting graph of f(x) in the interval (—5,5) and repeating periodically
taking period of 10 units

f(x)
«— Period —»

———— - — - ’ D —— - - .- .- —— — —

s

75 -0

-15 ~-10 =5 0f 3

ii. Plotting graph of f(x) in the interval (0,27) and repeating periodically taking period

of 21 units
J0) e Period ——
4 e N / ol
\ / \ / \\ /
\ / \ / \ /
s IR, / U A / it VR | v
- ht -1 0 1 phi n i '

iii. Plotting graph of f(x) in the interval (0,6) and repeating periodically taking period of 6
units

<— Period —
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If m, n are non - zero integers then:

ct+2m
(i) f;”7r sinnx dx = — [Coinx] =0
c
I 2T cosnx dx = 0,n+0
c
. . 0, m#+*n
(i) [EF27 sinmax. sinnx dx = {
c T, m-=n
. 2 00 m#n
(iv) fCC+ " cosmx. cosnx dx = {n m=n
v *2T sinmx. cosnx dx = 0
(V) J,
ax
(vi) [ %% sin bx dx = H (a sin bx — b cos bx)
eax

(vii)  [e™cosbxdx =
(viii)  sinnm =0
(ix) cosnm = (—1)"

7 (a cos bx + b sin bx)

(X) Integration by parts when first function vanishes after a finite number of
differentiations:

If u and v are functions of x
fu.vdx = uv; —uVv, + uPv; —uB®vy, + -
Here u™is derivative of u™-V and v,, is integral of v,,_4
For example

[ x%.sinnx dx = (x?) (— Coinx) - (2x) (— Si""x) +(2) (COSnx)

n? n3

= —x%cosx +2xsinx+ 2cosx

xzcosnx_l_ szinnx_l_ 2cosnx

n n2 n3

1.2 Euler's Formulae (To find Fourier coefficients a,, a,, , b,, when interval
length is 2m)
If a function f(x) satisfies Dirichlet's conditions, it can be expanded into Fourier series given

by f(x) = % + Yr_, aycosnx + Yo_q bysinnx ...... @
To find ag
Integrating both sides of O with respect to x within the limits C to C+2n

[T F o) dx = % [ dx+ [T (agc0sx + apcos2x + - )dx +

fcc+2n(blsinx + b,sin2x + -+ )dx
JEPT F()dx = %2 [x]EF2 + 0 + 0 using results (i) and (ii)
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=2[C+2m~C] = apn

To find a,,

Multiplying both sides of O by cosnx and integrating respect to x within the limits C to
C+2m

fC‘l'ZT[

C+21
c =,

c cosnx dx +

f(x)cosnxdx = ”
C+2m
f (a,;cosx cosnx + -+ a, cosnx cosnx + ---)dx +

fc+2 (bysinx cosnx + -+ b, sinnx cosnx + -+ )dx

= fCJ’an(x) cosnx dx =0+ anf " cos?nx dx + 0 using results (i), (ii), (iv), (v)

= ﬂfﬁzn(l + cos 2nx) dx

C+2m

a sin 2nx
=2l 22
2 2n c

=%[C+2n—C]=ann

> a, = % f”znf(x) cosnx dx
To find b,

Multiplying both sides of O by sinnx and integrating respect to x within the limits C to
C+2m

Crar (x) sinnxdx == CFT sinnx dx +
c 2
C+2m . .
fC (a,cosx sinnx + -+ a,cosnx sinnx + -+ )dx +
C+2m
f (b; sinx sinnx + -+ +b, sinnx sinnx + -+ )dx
[T f() sinnxdx =0+ 0+ by [ sin?nx dox using results (i), (ii), (iii), (v)
= b—"fc+2n(1 — cos 2nx) dx
by, __ﬂnan]C+2”
T2 2n ¢

by
=?[C+2n—C]=bnn

l fC+2n

= b, = f(x) sinnx dx

Example 5 State giving reasons whether the following functions can be expanded into
Fourier series in the interval [—m, ]
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. .1 .. 1
l. SIn-— Il. cosecx . —
x 2—x
Graph of Function: £(x)=sin(1/x)

Solution: i. f(x) = sini is not single valued at x = 0.
1 I~

Also graph of Sini oscillates infinite number |

|
of times in vicinity of x =0 as shown in I'L'l’ :"
adjoining figure. - f(x) is having infinite | M

Il

|
number of maxima and minima in [—m, 7]. -1 -0

r’
Hence f(x)=sini violates  Dirichlet's ,.-'-0{1 \f
/ |

conditions and cannot be expanded into Fourier .
series.

Lk

ii. f(x) = cosecx is not piecewise continuous in the interval [—m, 7] as
lim,,_,o- f(x) = —oco and lim,_, 5+ f(x) = +

Hence f(x) = cosec x violates Dirichlet's conditions and cannot be expanded into
Fourier series.

1 . . . . . .
iii. f(x) =——s not piecewise continuous in the interval [—m, 7] as
2—x

lim,_,,- f(x) = 4o and lim,_,+ f(x) = —o0
Hence f(x) = ﬁ violates Dirichlet's conditions and cannot be expanded into
Fourier series.

Example 6 If f(x + 2m) = f(x) , find the Fourier expansion f(x) = x in the interval
[0, 27]

Hence or otherwise prove that Tolpi 4 =T
1 3 5 7 4
Solution: f(x) = x is integrable and piecewise continuous in the interval [0, 27].
= f(x) can be expanded into Fourier series given by:

fx) = % + 3% _ja,cosnx + Yo_, b,sinnx ...... )

1 (C+2 12 1 [x2]%7
ap = ;fCJrnf(x)dx =;f0nxdx =;[x?]0 = 2m

1 C+2m 1 21
an = — [ 7 f(x)cosnxdx =~ [ x cosnx dx
, 2T
1 sinnx —cosnx
=2 (55) - o =7,
. 2T
1 sinnx cosnx
T [x n + n? ]0
2T
1 .
== [Cos;x] w sinnx = 0whenx =00rx =27
T n 0
111 1
=—[—2——2]=0 wecos2nm =1
wln n
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b, =

1

T

fC‘I‘ZTL'

1 r2m .
=—J, xsinnxdx

1

s

>
-

) ( cosnx

xcosnx

sinnx

n

2T

+

n2

|

f(x) sinnx dx

) (-

2T

0

sinnx

1N

wsinnx =0whenx =0o0rx =2 and cos 2nt = 1

-

n

n

Substituting values of a, , a,,, b,, in @

sin 2x

sin 3x

f(X) ~T[_2[smx

Putting x = ; on both sides

Z=m-2[1+0-

1

1 1 1 1
:}———+———+...=_
3 5 7

T
4

3

+o]

l+0+§+---]

Example 7 If f(x + 2m) = f(x) , find the Fourier series expansion of

0, m<x<0
ﬂ@_{xOSxSn

. 1 1 1 1
Hence or otherwise prove that Tttt = %

Solution: f(x) is integrable and piecewise continuous in the interval [—m, 7].

= f(x) can be expanded into Fourier series given by:

fO) ==+

Y _iazcosnx + Yr_; bysinnx......DO

1 (C+2 1[0 Lx”

l fC+2TL'

a, = f(x) cosnx dx

= _f_OHO cosnxdx+f0”xcosnxdx]

:% ( )(smnx) _ (1)( cosnx)]o

_1 [ x sinnx cosnx]”
T on n n? 1y
=" .

==—=-= wsinnx =0whenx=0o0orx=mn

ml n n

1 =2 nisodd

= L) -1] = { '

n 0 ,niseven

Page | 8



fC+2T[

b, = % f(x) sinnx dx

[ 0 smnxdx+f xsmnxdx]
(x

- 2o (222 - oo ()

T

+

1 [ xcosnx . sin nx]
14 n n2

0

1 [rc(—l)n] .. sinnx
T n " n2

,nisodd

=L =

1 .
—'; ,N1S even

Substituting values of a, , a,,, b,, in O

=0whenx=0o0orx=m

T 2 | cosx cos 3x Ccos 5x sinx sin 2x sin 3x
f(x)zz——[ + + +---]+[ - +

12 32 52 1 2 3

Putting x = gon both sides

L +.[1._ 0 _1_ 0 +.l._ n.]
2 4 1 3 5
i1 1 1.

1 3 5 7 4

Example 8 If f(x + 2m) = f(x), find the Fourier series expansion of

cosx,—m<x<0
f(x)_{sinx, 0<x<m

Solution: f(x) is integrable and piecewise continuous in the interval [—m, 7].

= f(x) can be expanded into Fourier series given by:

fx) = @ + ¥ _,a,cosnx + Yo_, b,sinnx ...... @

fC+217:

ap = f(x)dx

1 0 T .
—;[f_ncosx dx + smxdx]
_ Llr.s 0 1 /3
= [sinx]?, — - [cos x|}
=O—l[cosn—c050]= =

1 fC+2TL'

a, = f(x) cosnx dx

n
1|0 T .

=—|[" cosx cosnxdx + [ sinx cosnxdx
s -1 0

_]

=L [f_on [cos(n + 1)x + cos(n — 1)x]dx + fon[sin(n + 1)x — sin(n — 1)x]dx]

2T
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1 [sin(n+1)x+sin(n—1)x]0 1 [ cos(n+1)x+cos(n 1x
n+1 n—-1 -1 n+1 n-1

] n#+1

2T 2T

-0 +i[_ cos(n+1)n+cos(n—1)n L_L]
n+1 n-1 n+1 n-1

i [_ (_1)n+1 + (_1)11—1 + L 1 ]

2T n+1 n—-1 n+1 n—-1
(1 1 1 .
———+—+——— ,nisodd(n #1) 0, nisodd(n=+1)
= 21T n+1 n—1 n+1 — 2
11 1 1 1 [
1 ___+___] , n is even ey Miseven
\ 27 Ln+1 n—1 n+1 n—1

fO cosxcosxdx+fnsinxcosxdx]

|V -1 0

= l[fo coszxdx+lfnsin2xdx]
LT 270

1[1 (0 (7
= ;[Ef—n(l + cos 2x) dx +Efo sin 2x dx]

1 sin2x0 1 cos2x]™
L SR
2T - 21 2 0
1 1
=_—[m]l-—[1-1]==

C+2 .
b, = %fCJ’ " £(x) sin nx dx
1[0 . T .
=—[f cosx sinnx dx + [ smxsmnxdx]
Tl|lY-T 0

= i [f_on [sin(n + 1)x + sin(n — 1)x]dx + foﬂ[cos(n — 1)x — cos(n + 1)x]dx]

_ _ 1 [cos(n+1)x n cos(n—l)x]o n i[sin(n—l)x _ sin(n+1)x]”’ n+1
2r n+1 n-1 - 21 n-1 n+1 0
1 1 1 +1 1
=———+——Cos(n Jm _ costn- )ﬂ]+0 ssinnx =0whenx=0o0rx=m
21 Lln+1 n—-1 n+1
S I S S o s <—1>"‘1]
- 21 Lln+1 n-1 n+1 n-1
( 1 1 1 .
———+—————] ,nisodd(n #1) 0, nisodd(n=+1)
= 21 In+1 n—-1 n+1 — —on
1 1 1 1 1 - 1
—— =+t —=+—=—+—], n is even nm2-1 ' Liseven

\ 2 In+1 n—-1 n+1 n—-1

b, = %:f_oncosxsinxdx+f0nsinxsinxdx]
= —[lfo sin2xdx+fnsin2xdx]
mTL2°—T 0
1|1 .0 . 1 1
= ;[Ef_nsm2xdx+5f0 (1—c052x)dx]

1 |cos2x sin 2x
S Pl )
21 - 21 0

:——[1—1]+ —[r-0-0+0]=
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Substituting values of a,,a, b, in @

1 1 2 | cos2x cos 4x 1 2 | 2sin2x 4sin 4x
f(x)z_+___[ +...].|____[ _|_]
T 2 22-1 421 2 mwl 221 421

1 2 | cos 2x cos 4x 2sin 2x 4sm 4x
:>f(x)z_+1__[ 2 2_ __[ 2 2, T ]
T Tl 2-1 44—-1 b4 24—1 44—-1

Example 9 If f(x + 2m) = f(x), find the Fourier expansion f(x) = e® in the interval
[—m, 7]

Solution: f(x) = e® is integrable and piecewise continuous in the interval [—m, 7].

~ f(x) can be expanded into Fourier series given by:

flx) ~ ? + ¥ _a,cosnx + Xo_, b,sinnx ...... )

a= = [ f)dx =" e dx

1 2 . ,ef—e*

_Yr axitr _ Yy anr _ _-an — = — i
—an[e ™, =—]e e 4] ansmhan sinh x

1 fc+2nf(x) cos nx dx

1 m
== e%cosnxdx
TY—T

= m [e** (acosnx + nsinnx)]|",

= —n(a21+n2) [e4" (acosnm + nsinnw) — e™ " (acosnw — nsinnm)]

_ _aE=n" [ am _e—an] — 2a(-1)"

= sinh an
m(a?+n?) m(a?2+n?)

l J-C+27T

b, = f(x) sinnx dx

1 ,m .
== e%sinnxdx
TY—T

= m [e® (asinnx —ncosnx)]|",

= —[e97 (asinnm — ncosnw) — e~ (asinnm — n cosnm)]

m(a2+n?)
_ D" ran L -an] _ M :
" n(a?+n?) [ € ] " n(a?+n?) sinh am

Substituting values of a, , a,, , b, in O

+...]_|_2[ sinx . 2sin 2x

(a2+12)  (a?+22)

flx) =
Isin3xal+32—...

sinh an 1_|_2 [ cosXx CcoSs 2x cos 3x
(a?+12) * (a%+22) (a?+32)

1.2.1 Determination of Function Values at the Points of Discontinuity
A function satisfying Dirichlet's conditions may be expanded into Fourier series if it is
discontinuous at a finite number of points.
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Let the function be defined in (a, b) as
_(fil), a<x<x,
fe) = {fz(x), X, <x<bh
1. Tofind f(x) at x = a or x = b (End points discontinuity)
Since f(a) and f(b) are not defined in the interval (a, b)

+f(a) = f(b) = Z[(RHL at x = a) + (LHL at x = b)]
= LJim fG) + Jim G0
2. Tofind f(x) atx = x, (Mid point discontinuity)
Since f(x,) is not defined in the interval (a, b)
s~ f(x,) = %[(LHL at x = x,) + (RHL at x = x,)]

_ 1[ lim () + lim f(x)]
2 |x-xo~ x—-xot
Example 10 If f(x + 2m) = f(x) , find the Fourier series expansion of

f(x)={

—m,—n<x<0
x, 0<x<m
TL'Z

Hence or otherwise prove that —+ + + te =7

Solution: f(x) is integrable and piecewise continuous in the interval (—m, 7).

= f(x) can be expanded into Fourier series given by:

flx) = % + ¥ _,a,cosnx + X%_, b,sinnx ...... @

T
a = 27 Godx = 2[[0 —mdr+ fxdx ] = HE] = -]
=1 fc+2nf(x) cos nx dx
:%[f_o (4 cosnxdx+fnxcosnxdx]

— % [smnx] [( ) (smnx) . (1) ( cosnx)]:

x sinnx cosnx]
0

-0+

n n2

-1 ﬂ_i] wsinnx =0whenx =0o0orx=m

ml n2 n2

-2
,nis odd

7'L'n2 [( 1)” - 1] { 2 .
0 ,nis even

l fC+2T[

b, = f(x) sinnx dx

1
T

s
[ —nsmnxdx+f xsmnxdx]
=

= 42w - (2]

T
s
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_ [cosnx]0 + 1[_ X cosSnx + sinznx]"
n Il = n n 0
=[i—ﬂ]—l[ﬂ] ‘-‘Sin2x=OWhenx=Oorx=7T
n n b1 n n
1 % ,nisodd
=s-2¢-pM=4 "
—; ,nis even

Substituting values of a, , a,,, b,, in @

T 2| cosx cos 3x cos 5x 3sinx sin 2x sin 3x sin 4x
f(x)z____[ + + 5 .|_...]+[ — — _|_]
4 wl 12 32 5 1 2 3 4

Putting x = 0 on both sides

T 21 1 1 1 1
f(0)=—z—; 1—2+3—2+5—2+7—2+"']+0...®

Since £(0) is not defined in the interval (—m, )
+ £(0) == [(LHL at x = 0) + (RHL at x = 0)]
=2 Jim £ GO + lim )
- iy @+ g0+ )
= [-m+0]=-2 .. O

Using ®in @), we get
T 2 1 1 1
gt

_r_
=
1 1 1 1 2
:>1—2+3—2+5—2+7—2+"' =5
Example 11 If f(x + 2m) = f(x) , find the Fourier series expansion of f(x) = x + x? in
the interval (—m, )
. 1 1 1 1 2
Hence or otherwise provethat 1+ S+ S+ + 5+ =—
2 3 4 5

Solution: f(x) = x + x? is integrable and piecewise continuous in the interval (—m, )
= f(x) can be expanded into Fourier series given by:

f(x) = % +¥r_,a,cosnx + Yo , bysinnx ......

ag= 7 ;T fdx = 1) (x+x?) da

1 [xz x3]” 1 [27‘[3
-1

] 272
2 3 Tl 3

T

c+2
a, = %fCJr " £(x) cos nx dx

== [" (x + x?) cosnxdx
TY—T
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[(x + 2) (smnx) . (1 4 2x )( cosnx) + (2)( smnx)]:T

= % [(1 + 2x) cosnx]|®, - sinnx =0whenx =—-m orx =m
= # [(1 + 2m) cosnt — (1 — 2m) cosnm] = cos(—nm) = cosnm
.y (= nisodd
= —[4m cosnm] = 2L )
i " — ,niseven
n
b, = % 77T F(x) sinnac dx

- %f_"n(x + x2) sinnx dx
- e () - 20 () + oy (229
= %[(x + x?) ( Cosnx) +(2) (Cosnx)]:r vsinnx =0whenx =-m orx =7

%[(TL’ n 7'[2) ( C(;STLTL’) + (2 c:;nn) _(-m+ 7_[2) (— C(;snn) _ (2 cosnn)]

n3

+ cos(—nm) = cosnm

2 .
-1 —2(=1)" 2(=1)n+1 - ,nis odd
= — |21 cosnmt] = D7 _ 2607 s
m n n — ,niseven
n
Substituting values of a, , a,, , b,, in @O
w2 Cos X COS 2x cos 3x cos4x smx sin 2x sin 3x
fO) xS a|-Srpcokn_codr oty ]y E 4
3 12 22 32 2 3

Putting x = m on both sides

f(T[) ~_+4[_cosn cosZn_cos3n+cos47r+ ]+0 @

22 32

Now since f () is not defined in the interval (—m, )

s f(m) = Z[(LHL at x = ) + (RHL at x = —)]
=3 [im s+ tim £Go]
=2 limfGr — ) + limf (~m + )]
=§mgﬂn—h)+ﬁp—m2+cﬁr+m+{—n+hyﬂ
éf@)=%h+n2—n+nq=n2 . ®
Using @in @), we get

2_7'[2 1
=44l Sttt
3 2 5
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1 1 1 1 w2
:>1+2—2+3—2+4—2+5—2+"'—?

1.3 Fourier Series for Arbitrary Period Length
Let f(x) be a periodic function defined in the interval [C, C + 21] , then

fx) ~ %+Zﬁ=1 a, Cos$+ Y1 by sin# ...... @
0y = % fcc+21f(x)dx

a, = % f;“lf(x) cos#dx

b, = % f;“lf(x) sin#dx

Note: If the interval length is 2m, putting 21 = 2 i.e. = , then O may be rewritten as
fx) = % + Y7, azcosnx + Y-, b,sinnx, which is Fourier series expansion in the
interval [C, C + 2m].

Also a, = %fcﬁznf(x)dx

a, = %fcﬁznf(x) cos nx dx

b, = %fcﬁznf(x) sinnx dx

Example 12 If f(x + 10) = f(x) , find the Fourier series expansion of the function

0,0 —5<x<0
f(x)_{& 0<x<5
nmx

Solution: Let f(x) = % + Y1 an cos# + Yo 1 by sin——
Here interval is [-5,5], -2l =10 =1=5
Putting I = 5in D
f(x)z%+2ancos%+2bnsin% ...... @)
ap =1 [T fe0dx =15 F)dx =2 [, 0dx +1 [F3dx =2[x]§ =3

1 rc+21 nmx
a, = ch f(x) cos —=dx

1 05 nmnx
= gf_sf(x) cos —=dx

5
=0

100 nmx 1,05 nmx 315 . nmx
==[_0cos—dx+-/ 3cos—dx=0+—[—sm—]
5J-5 ! 5J0 5 5 Lnn 0

5
21 .
b, = % (e sin == dx

— 15 . X
—Sf_sf(x) sin = dx
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1,00 . NIX 1,05 . NmX
== _0 sin—dx+= [’ 3sin—dx
5J-5 ! 50 5

nmx 5 3
O——[— —]0 = —E[COSTLTL'—COSO]

6
3 _)—,nisodd
= —E[(—l)n —1] = {"”

0 ,niseven

Substituting values of a, , a,,, b,, in @

.. 31X . 5TTX
f(x) E % [Sll’l + smT + SII’IT + .“]

2 1 3 5
3 6 . TIX 1 . 3mx 1 .
= f(x) = S+ ;[sm? +2sin— + _sinmx + ]
Example 13 If f(x + 2) = f(x), find the Fourier series expansion of the function

X, 0<x<1
f(x)_{n(z—x) 1<x<?2

Solution: Let f(x) = +Zn 10y COST=+ Y*_ b, sm—
Here interval is[0,2], ~2l=2 =1=1
Puttingl = 1in D

fx) = % + Y. a,cosnmx + Y. b,sinnmx ...... @)
!
Now a, = % fCC+2 fx)dx = fozf(x)dx = fol mxdx + flzn(Z — x)dx

T T
2

=nf] +nfox-2] =Zem[a-2-24Y=Z+%=n

a, = %fcﬁﬂf(x) osﬁdx fzf(x) cos nmx dx

= fol X cos nmx dx + f1 (2 — x) cos nmx dx

=TT ( )(Slnnnx) _ (1)( cosnrtx)](l) g [(2 x (smnrtx) _( 1)( cosnrcx)]j

n2m? n2m?

2

o 1 .
X sinnmx cosnmx SIn nmcx cosnmx

=1 + ] +7r[(2—x)( - )— ]
| 0 T

nm n2m?2 n?n? 14
_ 1)" 1 ="
—n0+ 2]+n[0—n2n2—0+n2n2]
= (- - ]:{ w1115 00
nen 0, nis even

= % fcc+21f(x) sin#dx
= 02 f(x) sinnmx dx

= fol mtx sin nmwx dx + flz (2 — x) sin nmx dx
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< o0 (- 22) - ()] o (-2 - o ()

n2m?

_ . 1 . 2
X cosnmx sin nmx cosnmx SIn nmwx
= |- + 22]—n[(Z—x)( )+ 22]
L nm nem 0 nm nem 1

=n[- L+ 0+0+0|-n[o+0-L 40

= Z[-(-D" + (D" = 0
Substituting values of a, , a,,, b,, in @

f)~5—+

T

+ +

COoSTTX Ccos 31X cos 5mx
12 32 52

n2m?

Example 14 Find the Fourier series expansion of the periodic function shown by the graph

given below in the interval (—2,2)

/4

(S

|
|
|
|

AR AN,

0, 2<x<0
x, 0<x<?2

I 2

Solution: From the graph f(x) = {

Clearly f(x) is integrable and piecewise continuous in the interval (—2,2)

= f(x) can be expanded into Fourier series given by:

nmnx

Let f(x) ~—+Zn 1ancos—+ Y1 by smT
Here interval is (—=2,2), ~2l=4 =>1=2
Puttingl = 2in @
f(x) z@+2ancosnzﬂ+2bnsin% ...... )

a0 =2 [ FGodx =27 Feddx =220 dx+2 [ xdx = 1[2)3 =
an = ;fccmf(x) cos =~ dx = lf_zzf(x) cos — dx
1 00 nix
=-J,0 cos—=dx +- fxcos—dx

=0+- [(x) (— sin ﬁ) - (D ( snnx)]z

nis odd

-4
2 nmx 2 B
= n2m2 [COS T]O - n27-[2 [( l)n - 1] { 2m?

0, niseven
l ) .
b, = %fcﬁz f(x) smnlixdx = %f_zzf(x) smn—zxdx

1.0 .. NITX 1,2 .. MITX
== 0 sin—dx +=> [ xsin—dx
272 ! 270 2
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2
=0+- [(x) (——cosﬂ)—( )( nnx)]
2 /1o
2
B —, nisodd
=—[x cosﬂ =—[2( 4 > g o
2 n —, niseven
Substituting values of a, , a,,, b,, in O
1 4 cos%; cos—gE SEEE 2 sin%% singgE inégE igf
f(x) 2 w2| 1 32 52 o +; 1 2 3 4 o
1 4 T Snx 3ntx
:f(x)zz——z[os?+—c + —+- ]+ [m———smnx+ sin—~. ]

1.4 Fourier Series Expansion of Even Odd Functions
Computational procedure of Fourier series can be reduced to great extent, once a function is

identified to be even or odd in an interval (-1,1) Characteristics of even/odd functions are

given below:

Even Function

Odd Function

A function f(x) is said to be even if

A function f(x) is said to be odd if

f(=x) = f(x) f(=x) = =f(x)
Graph of an even function is symmetrical | Graph of an odd function is symmetrical
about y -axis about origin

For an even function

[ f()dx =2 [ f(x)dx

For an odd function

f_ccf(x)dx =0

Product of two even functions is even.
Product of two odd functions is even

Product of an even and an odd function is
odd.

Fourier coefficients of an even function are:

%f_ccf(x)dx =%focf(x)dx

%f_ccf(x) cos#dx
2 rC nmx
Ifo f(x) cos —=dx

as f(x) and cos# both are even.

c+21

=—f f()sm—dx—O
as f(x) is even and smT is odd

nmx

o f(x) = 22+ oy @y cos

Fourier coefficients of an odd function
are:

a, = % f_ccf(x)dx =0

%f_ccf(x) Cosn—?xdx =0
as f(x) is odd and cos# is even.

%f;“lf(x) sin#dx
%focf(x) sin#dx

as f(x) and sin# both are odd

nmx

 f() Ty by sin T

Note: Properties of Even or Odd Function comply only if interval is (— L l) and any

function in (0, 21) does not follow the properties of even/odd functions. For example for

the function f(x) = x2 in (0,2m), Fourier coefficients a, , a,, , b,, do not follow above

given rules of even/odd functions.
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Example 15 Obtain Fourier series expansion for the function f(x) =x3 in the
interval (—m, ), if f(x + 2m) = f(x)

Solution: f(x) = x3 is integrable and piecewise continuous in the interval (—m, ) and
also f(x) is an odd function of x.
~ag = a, =0, f(x) can be expanded into Fourier series given by:
f(x) = Y2 _ b,sinnx ...... @

b, = % focf(x) sinnx dx = % fonx?’sinnx dx

oo ) o) (2]

( Cosnx) + (6x) (COS nx)] : sinnx = 0 when x = mor 0
(7_[3)( cosnn) n (67‘[) (cosnn)]
(7_[3) ( (= 1)”) + (6m) (( nr )]

=21 [- 5+

Sl

Sl

Sl

o flx) = 2[ ( )] smx+( )sian— (_Tnz+3%) sin3x + ---
Example 16 If f(x + 2m) = f(x), obtain Fourier series expansion for the function given by
1+Z , T <x<0

f(x)={ 2x

1——, 0<x<m
T

Hence or otherwise prove that = + + >+ - %
_ 1—%,—n£—x§0 1—f,n2x20
Solution: f(=x) ={ 1+=,0<—x<m ={1+2;x, 0>x> —nzf(x)
f(—=x) = f(x) ~ f(x) is even function of x
Note: f(—m) = —1, f(0) = 1, f(n) = —1
Plotting graph of f(x), we observe that it is i =

symmetrical about y-axis as shown in given figure.
Therefore the function is even.

Hence b, = 0, f(x) = % + Yr_,a,cosnx ...... )
ag = Efonf(x)dx

=2 7T(l—z;x)dxzz[x—x—]: =2lr-nml=0

a, = % fonf(x) cos nx dx
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= f (1 - —) cos nx dx
-2 - @ e

8
=—— [cosnm]} = 4 [(—)" = 1] = {72 g2 is odd
o v 0,nis even

Substituting values of a, and a,, in D

cosx cos3x cos5x
fo) = G5+ 2+ 2]

Putting x = 0 on both sides
_ 81 1 1
=g lEtatat]
2

1 1 1 b3
=>4+ =—4+=4 ==
12~ 32 52 8

Example 17 If f(x + 2¢) = f(x), find the Fourier series expansion of the function given by

(x) =
/ sinn?x, 0<x<c
sin’%", —c<—x<0 sin”—c’“,czxzo
Solution: f(—x) = = = f(x
/ —sin%,os—xSc —sin%,OZxZ—c f @)
f(=x) = f(x) ~ f(x)isaneven functionof x = b, =0
Also2l=2c =1l=c
f(x) = %+Zﬁ=1 ancos% ...... @
c
a, = % Jy f)dx = %focsin%dx = —%%[cos%]o = —%[—1 —1]=-
a, = % focsin% Cos%dx
1 pcC . TX . wx
= Efo [smT(n +1) —sin—(n - 1)] dx
i
—;_—n(n+1)cos—(n+1)+ )cos—(n—l)]o n#l
_1[_ 1 ]
3 ( ( (n +1) (n-1)
_ l '_ (_1)n+1 (_1)11.—1 1 _ 1 ]
Tl (m+y) (n-1)  (m+1) (n-1)
l—L+L+———] ,nisodd(n #1) {O, nisodd(n # 1)
— Ll n+1 n-—1 n+1 —
£ R I S —— nis even —n(n2—1) nis even
T Lln+1 n-—1 n+1 n-—1
a, = %focsinn—cx cos%dxz%focsi 2ﬂdx— [—— Zﬂ
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1 1
——E[COSZTE—COSO] ——5[1—1] =0

Substituting values of a4 , a,, in O

2mx 4Tx 6TTx
2 4|cos—=—= cos—= )

flo)~2-12 + + 2

n mw| 22-1 421 62—1

Example 18 If f(x + 2m) = f(x), obtain Fourier series expansion for the function given by
f(x) = |x] intheinterval (—m, n)

2

Hence or otherwise prove that = + + + %
Solution: f(—x) = |—x| = |x|] = f(x)
f(=x) = f(x) ~ f(x) is even function of x.

< x<0

- . _x’
Rewriting f(x) as |x| ={ x, 0<x<m

Being even function of , b, =
f(x) = ? + Y71 ApCOSNX ...... @

ap = %fonf(x)dx =%f0nxdx [ ] —[n

a, = %fonf(x) Cosnxdx=%f0 x cos nx dx

[( ) (smnx) . (1) ( cosnx)]:

2 2 —,
=— [cosnr]f = — (D" —-1] = {,mz

0,nis even

nis odd

Substituting values of a, and a,, in D

T 4 |cosx cos3x cos5x
f =~ -7+ +
2 ml 12 32 52

Putting x = 0 on both sides

Example 19 Obtain Fourier series expansion for the function given by f(x) = [sin x|
the interval (—m, )

Solution: f(x) = |sinx| is even function of x

~b, =0, f(x)= % + ¥r_,a,cosnx ...... )

—sinx, — < x<0

Rewriting f(x) as |sinx| = { sin x 0< x<T

Ao = % fonf(x)dx

Page | 21



— T
:Efnsinxdx= ~2 [cosx] =2
w0 T 0 T

a, = % fonf(x) cosnx dx = % fon sin x cos nx dx

= %f:(sin(n + 1) x — sin(n — 1)xdx)

_1 [_ cos (n+1)x N cos (n—l)x]"

T n+1 n—-1

0

_|_

n+1 n-1 n+1 n—-1

_ 1 [ cos (n+1)m + cos(n—-1)m  cos0 cos 0]
T

_ l [_ (_1)n+1 + (_1)71—1 L 1 ]
s

n+1 n-1 n+1 n-—1
1 1 1 1 1 . .
—[——+—+———],nzsodd(n¢1) 0, nisodd(n# 1)
— b1 n+1 n-—1 n+1 n-—1 — _4
1[ 1 1 1 1 . '
_[____|____] ’ nis even wonn . Miseven
T ln+1 n—1 n+1 n-—1
a; = = ["sinxcosxdx == [ sin2x dx
1 T Y0 w0
-1 . 1 1
= —[cos2x]|f = ——[cos2m —cos0] = ——[1—-1] =0
21 21 21

Substituting values of a4, a,, in O

2 4 |cos2x cos4x cos6x
f =2

22-1 t 421 + 62—-1 + ]

T m
= f(x) = %— % Ecost + %cosélx + %cos6x + ]
Example 20 Obtain Fourier series expansion for the function given by f(x) = |cosx]| in
the interval (—m, m)
Solution: f(x) = |cosx| iseven function of x
~b, =0, f(x)= % + Y7 _1a,CoSnX ...... @
(—cosx, —T<x< —%
Rewriting f(x) as|cosx| =< cosx, — g <x< g
—COSX, g <x<m
ap, = %fonf(x)dx
= %f{? cosx dx + %fg —cosx dx = % [sin x]? — % [sin x]g
= %[sing —sin0 —sinm + sin%] = %

2

T
Ay =~ fonf(x) cosnx dx = %foz cos x cos nx dx + %ff —Cos x cos nx dx
2

- %fg(cos(n +1)x + cos(n — 1)xdx) — %fgn(cos(n + 1) x + cos(n — 1)xdx)
2
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s
1 [sin (n+1)x + sin (n—l)x]E 1 [sin (n+1)x + sin (n—1)x]"
T n+1 n-1 0 n+1 n-1 T

T

sin (n+1)£ sin (n—l)E sin (n+1)— sin (n— 1)
- l[ 2 4 2 4+ ] (n+1)
T n+1 n-1 n+1

_2 [sin (n+1)§ + sin (n—1)72—t] | (n ~ 1)
T n-1

n+1
0 ,nisodd (n#1) ( 0, nisoddn+#1)
2 1 1 4 _
-+t n=2610.. 2] 5. n=2610.
2[ 1 1 —4 _
-l n=es2e i, n=ssize

T
a, =§f0nf(x)cosxdx= %fOZCOSXCOSde+%fER—COSXCOSde
2
T
=2 Zcos?xdx — = [z cos? x dx
770 [y

=lf05(1+COSZde—lff(1+c052x)dx
s T E

Vs
1 sin2x]z2 1 sin 2x]™
=—[x+ ] ——[x+ ]
2 0 T T
2

T 2

—lE+Si;n—0—0—T[—5m2n+ +51nn] 0

Substituting values of a,, a,, in O

2 coS2x cos4x cos6x
fG) = T _[22 1 42-1 @ e2-1 ]
= f(x) = % [ cos2x — —cos4x + —cos6x + - ]

Exercise 1A

1. If f(x+ 2m) = f(x), find the Fourier series expansion of the function

0, —nt<x<0
fG) = ”Tx 0<x<Tm

Hence or otherwise prove that 1+ + Sy %

If f(x + 2m) = f(x), find the Fourier series expansion of the function

— X, T<x<0
f(x)—{ T+x, O0<x<m

2

Hence or otherwise prove that 1 t5 + + =5

3. Find the Fourier series expan5|on of the functlon f(x) =x—x%in (— T, n).
7'[2

Hence deduce that 1 — = + = ——= + =_

Page | 23



(m— x)

4. Find the Fourier series expansion of the function f(x) = in (0, 2m).

5 If f(x + 2m) = f(x), find the Fourier series expansion of the function

1, —-1<x<0
1

f(x)= 5, x=0
X, 0<x<l1

6. Assuming f(x) = x to be periodic with a period 27, find Fourier series expansion of
£ (x) in the interval (-, ).
7. If f(x+2m) = f(x), find the Fourier series expansion of the function
_(—k, —t<x<0
f(x)_{k, 0<x<m

T

Hence deduce that 1 — ~ + 1.1 + ==
3 5 7 4

8. If f(x + 1) = f(x), find Fourier series expansion of f(x) = x in the interval (0,1).

9. If f(x+4)=f(x), find Fourier series expansion of f(x)=|[x| in the
interval (—2,2).

10.1f f(x + 2) = f(x), find the Fourier series expansion of the function

-2, -1<x<0
f(x)_{z, 0<x<1
11.If f(x + 2m) = f(x), find the Fourier series expansion of the function
T
(n +x, —nm<x< -3
T T T
fG) =173 —SSxs7
—x c<xsm
12.find the Fourier series expansion of the function
X, 0<x<l1
flx) = { 0, x=1
n(x—2), 1<x<2
Hence deducethat 1 — =+~ —24...=Z
3 5 7 4
Answers
2 1 [cosx cos 3x cos5x [ sinx sin 2x sin 3x
1.f(x)zz—5[ e T T +...]+_[ T2 3 _]
T 4 |cosx cos 3x COS 5x smx sin 2x sin 3x
2f(x)~———[12 +t— o+ ]+4[ : . . _|_]
cosx  cos 2x cos 3x sin x sin 2x sin 3x
e e I
4 f(X) ~ _+ [cosx cos 2x n co;23x n ]
cosnx cos 31x cos 5mx 1| sinntx sin 2mx sin 3mx
5f(x)~———[ 32 + 52 _|_...]__[ 1 + 2 + 3 +]
6. f(X) ~ 2[smx 51r122x sir;3x_.”]
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4k | sinx sin 3x sin 5x
Tf)~—|—/+—+— +]

1 1| sin2mx sin4mx sin 6mx
8.f(x)~5—;[ 1 2 3 ]

X 3Tx
COS— COS—— COS——

8
9.f(x)z1—;[ 2 4 202 4 %

12 32 52

10. f(X) ~ %[sinnx n sin 3mx n sin 57x n ]

1 3 5
31 1|2cosx COS 2x 2c0s 3x CoSs 6x 2C0Ss 5x cos 10x
10, f(x) » g 2[Rer oy _osex - + o]
f( ) 8 ml 12 12 32 32 52 52
sinmx sin 2mx sin 3mx
12.f(x)z2[ 1 2 3 ]

1.6 Half Range Fourier Series in the Interval (0,1)
Sometimes it is required to expand a function f(x) in the range (0, ) or more generally in
(0, 1) into a sine series or cosine series.

If it is required to expand f(x) in (0, 1), it is immaterial what the function may be outside the
range 0 < x < [, we are free to choose the function in (=1, 0).

1.6.1 Half Range Cosine Series
To develop into Cosine series, we extend f(x) in (—1,0) by reflecting it in y — axis as

shown in adjoining figure, so that f(—x) = f(x), function ~
becomes even function and b,, = 0 AN V\
CF@) A 2 T, 4 cos™E ~1 ‘0 z

1.6.2 Half Range Sine Series

To develop into Sine series, we extend f(x) in (—1,0),by reflecting it in origin, so
that f(—x) = —f(x), function becomes odd function and

a,=a, =0

>N IO
FG) = By bysin P

Example 21 Obtain half range Fourier Cosine series for
f(x) = 2x —1 intheinterval (0,1).

Solution: To develop f(x) =2x —1 into Cosine series, extending f(x) in(—1,0) by
reflecting it in y — axis, so that f(—x) = f(x), function becomes even function and b,, = 0

~ f(x) z%+22‘i=1ancos# ...... ®
Here2l=2 -~ [=1
2l 1
a, = Tfof(x)dx =2[/2x—1Ddx= 0

a, =2 f01(2x — 1) cos nmx dx
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n2m?

[(Zx . 1) (smnnx) . (2) (—cosnnx)]:

= n24n2 [cosnm — cos 0]

nis odd

n2n2

-8
(COLESIE { i
0

,nis even

Substituting values of a, , a,, in O

8 | cosmx COS 31X Ccos 5mx
f(x)~—§[ 2z T T +]
Example 22 Obtain half range Fourier Cosine series for f(x) = x sin x in the interval (0, )
and showthat———+—— L= 22
1.3 3.5 5.7 4

Solution: To develop f(x) = xsinx into Cosine series, extending f(x) in (—m,0) by
reflecting it in y — axis, so that f(—x) = f(x), function becomes even function and b,, =

L f(x) = % +¥r_,a,cosnx ...... @
a, = % fonf(x)dx
= %fonx sinxdx = % [(x)(—cosx) — (1) (—sinx)]§
= _72 [xcosx]y = 2
a, = %fonxsinx.cosnx dx
= %fonx [sin(n + 1) x — sin (n — 1)x]dx

_1 —cos (n+1)x |, cos (n—l)x) _ (—sin (n+1) . sin (n—l))]’r
T on [(x) ( (n+1) t (n-1) (1) (n+1)2 + (n—1)2 0

_1 [ xcos (n+)x , x cos(n—l)x]ﬂ
T

(n+1) n-1 0

_z [_ G L (—1)n-1]
T om (n+1) (n-1)

— (_1)n+1 [ nt+i-n+1 ] (_1)n—1 — (_1)n+1

(n-1)(n+1)

(n-1)(n+1)’ n#l

2 T . 1,1 .
a; =~ J; xsinxcosxdx = — [ xsin2x dx

=@ (5 - o),

=_—1[xc052x]§ =_—1[7T] ——%

CoS 2x cos 3x Ccos 4x Ccos 5x COSs 6x
f(x)—l——cosx+2[— + — + - ]
2.4 3.5 4.6 5.7
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Putting x = gon both sides

T=142| 40—+ 04+
2 1.3 3.5 5.7

1 1 1 __nm—2
4

1.3 3.5 5.7
Example 23 Obtain half range Fourier Sine and Cosine series for the function given by
X, 0<x< %
f(x) = s
n—x,ESxSn
Solution: Fourier Sine series
To develop f(x) into Sine series, extending f(x) in (—m, 0) by reflecting in origin, so
that f(—x) = —f(x), function becomes odd function and a, = a,, = 0

W f(x) = Ya_ bysinnx ...... @
b, = %fonf(x) sin nx dx

T
= % [foz x sinnx dx + [z (m — x) sin nx dx]
2

—cosnx) _ (1) (— sinnx)]% + % [(TL’ — x) (_ C(;Snx) _ (_1) (_ Srilr;nx)]E

2
- ; [(x) ( n n2
2
) cosnx sinnx

Vs
2 xcosnx _ sinnx]z | 2 T
i
n nz2 lgp =« n n2 ¢

2 T nm 1 . nmw T nm . nm
= —[——cos—+—251n—+—cos—+—251n—]
T 2n 2 n 2 2n 2 n 2

0, whennis even

4
212 . nm 4 . nm —_— =
:—[—Sln— = —SIN—= n_nzl n 1!5!9;-"
n2 2 mn? 2 —4
m, Tl=3,7,11,...

Substituting b,,in @O
af . 1. 1. 1,
flx) = ;[smx — 5sin 3x + 52 sin 5x — 5 5in 7x ]

Fourier Cosine series
To develop f(x) into Cosine series, extending f(x) in (—m, 0) by reflecting it in y — axis,

so that f(—x) = f(x), function becomes even function and b,, = 0

ff(x) = % + ¥ a,CcoSnx ...... &)

ay = %fonf(x)dx = % JZ xdx + fgn(n —x)dx | = %

a, = %fonf(x) cos nx dx
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2
= %[foﬁx cosnx dx + [ (T — x) cosnx dx]
2

-2 (52) - @ (52 2 (5) - o (52

Vs
2 [xsinnx cosnx]z 2 sinnx cosnx|™
- e 2
T n T n

N

n 0 n? g
= %[;ls n—+— osﬂ—ﬁ——cosnn —2—sm—+—cosE
2 "4 (1)
nz[Zcosz 1—( 1)]
0, nis odd 0, nis odd
2 12(-1)-1-1, n=2610,.. = n‘—; n=2610,..
2(1)—1—1 n=4,812,.. 0, n=42812,..
Substituting a,, a,, in @
T 8 |cos2x Ccos 6x cos 10x
f(x)‘Z"[ s 36 T 100 +]
_T_ E[cost + COS 6x + cos 10x + ]
4 ml 1 9 25
Bx o<x<i
Example 24 Obtain half range Fourier Sine series for f(x) = Zk‘ : 2
T(l—x), ESXSZ

Solution: To develop f(x) into Sine series, extending f(x) in (—(,0) by reflecting in origin,
so that f(—x) = —f(x), function becomes odd function and a, = a,, = 0

L () =¥, b, sin# ...... )
b, =%folf(x) sin#dx

12k

l
=2 (22 g mtxdx+ z—(l—x) sm—dx

l

[ (- o) - 0 (=i

l

a0 (—ggeos) = 1) (s ™),
2

l
4 x nix 12 nmx 4k 2 nm
= [ cos ™+ g sin T 4+ [ =20 - eos T — gsin T,
2
4k 2 nrw 2 12 2 nm
=—[——cos—+ SsiIn— + —cos— + sm—
12 2nm 2 2q2 2 2nm 2
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8k

m, n=1,5,9,...
_ 8k [sin nn] _ ) sk
- nzn'z 2 - n27'[2 ) n= 3, 7, 11, aen
0, nis even

Substituting values of b,, in @

1 3mx 1 . b5mux 1 . 77Tx
fx) = — 2[ n——— sin— + —sin— — —sin— + - ]
9 l 25 l 49

1.7 Practical Harmonic Analysis

In many engineering and scientific problems, f(x) is not given directly, rather set of discrete
values of function are given in the form (x;,y;),i = 1,2,3, ..., m where x;’s are equispaced.
The process of obtaining f(x) in terms of Fourier series from given set of values (x;, y;), is
known as practical harmonic analysis.

In a given interval (0,20), f(x) is represented in terms of harmonics as shown below:
fx) = +Zn 1(an cos—+bn 1n$)
Where n = 1,2,3 give 1%, 2" and 3" harmonics respectively.

(al cos= + b, sin ) Is the first harmonic
(a2 cos 2? + b, sin 2?) is the second harmonic

(a3 Cos— + b5 sin ) is the third harmonic

(an cos n—’;x + b, sin #) is the n™ harmonic
Fourier coefficient a, is computed using the relation

2 [Mean value of y in the interval (0,20) ]

“ Qo = — ™. ¥ » where m denotes number of observations

Similarly a,, and b,, can be found out using the relations

= 2 [Mean value of ycos— in the interval (0,2D) ] == X%, v

b, = 2 [Mean value of y sin# in the interval (0,21) ] = % moyi sme
Also when interval length is 2w, putting 2l = 2mie. l=mn
fx) = % + Ym=1(a, cosnx + b, sin nx)

—_ 2 ym _ 2 ym _ m
aO_; i=1Yi» an_; i=1Yi COSNX; by == Xiz1Yisinnx;
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e The amplitude of first harmonic is given by /a? + b? and similarly amplitudes of

second and third harmonics are given by /a5 + b% and /a3 + b3 respectively.

e For f(x) in discrete form, values of Fourier coefficients a,, a,and b, have been
computed using trapezoidal rule for definite integration.

Example 25 The following values of ‘y’ give the displacement of a machine part for the
rotation x of a flywheel. Express ‘y’ in Fourier series up to third harmonic.

x| 0° | 60° | 120° | 180° | 240° | 300° | 360°
y|198215|277 |-0.22|-031] 1.43 | 1.98

Solution: Here number of observations (m) are 6, period length is 21 = [y]go = [y]3600

Let f(x) = % + Yr-,(a, cosnx + b, sin nx)

y = ? + (a, cosx + by sinx) + (a, cos 2x + b, sin 2x) + (as cos 3x + b; sin 3x) ... D

_ 2 yvm

Qo = Li=1Yi» Gn =% i=1Yicosnx;, by =% i=1Y; sinnx;
X; Y; |cosx; | sinx; | cos2x; | sin2x; | cos 3x; | sin 3x;
0° | 198 | 1.0 0 1.0 0 1.0 0

60° | 215 | 05 | 0.866 | -0.5 0.866 -1.0 0

120°| 2.77 | -05 | 0.866 | -0.5 | -0.866 1.0 0

180° | -0.22 | -1 0 1.0 0 -1.0 0

240°|-0.31| -05 |-0.866| -0.5 0.866 1.0 0

300°| 143 | 05 |-0.866| -05 |-0.866| -1.0 0

a, = gz?zlyi = %[1.98 +215+4 277 — 022 — 031+ 1.4] = 2.6

o N

a; = =38, yrcosx; = =[(1.98)(1) + (2.15)(0.5) + - + (1.43)(0.5)] = 0.92

b, = EZ?zlyi sinx; = %[(1.98)(0) + (2.15)(0.866) + - + (1.43)(—0.866)] = 1.097

a, = = %8, y; cos 2x; = =[(1.98)(1) + (2.15)(=0.5) + -+ + (1.43)(—0.5)] = —0.42

b, = EZ?zlyi sin 2x; = %[(1.98)(0) + (2.15)(0.866) + - + (1.43)(—0.866)] = —0.681
a3 = = %8, y; cos 3x; = =[(1.98)(1) + (215)(=1) + - + (143)(—1)] = 0.36

by = Z¥¢, yisin3x; = 2[(1.98)(0) + (2.15)(0) + - + (1.43)(0)] = 0

Substituting values of a, , a,,, b,, in O wheren = 1,2,3
y =~ 1.3+ (0.92cosx + 1.097 sinx) — (0.42 cos 2x + 0.681 sin 2x) + 0.36 cos 3x + -+

Example 26 Experimental values of y corresponding to x are tabulated below:

m | 2m | 3w | 4w | 51 7m |87 |9 | 10w | 117
x| o | = |ZE| 2 R S IE E 2O o
6 6 6 6 6 6 1 6|6 6 6
y 298 | 356 | 373 | 337 | 254 | 155 | 80| 51 | 60 | 93 | 147 | 221 | 298

Express y in Fourier series up to second harmonic.




Solution: Here number of observations (m) are 12, period length is 27 ** [y], = [y]on

Let

2%

a . .
y = ?0+ (a, cosx + by sinx) + (a, cos 2x + b, sin 2x) + -+ D
- m i= 1yl 1 an - m L:lyl CosS nxl ) m 1yl Slnnxl

Yy; | cosx; | sinx; | cos2x; | sin 2x;

298 1 0 1 0

356 | 0.866 | 0.5 0.5 0.866

373| 05 | 0866 | -0.5 | 0.866

337 0 1 -1 0

254 | -0.5 | 0866 | -0.5 | -0.866

155 |-0.866 | 0.5 0.5 | -0.866

80 -1 0 1 1

51 |-0.866 | -0.5 0.5 0.866

60 | -05 |-0.866| -0.5 | 0.866

93 0 -1 -1 0

147 05 |-0.866| -0.5 | -0.866

o|5o| 50 S0 Ep 32 Bl SRl §0| $0| B =0

221 | 0.866 | -0.5 0.5 | -0.866

2
12‘

= 2y
b, = 2312

3
= 2yu

aO_

[298 + 356 + -+ + 221] = 404.17

o=

13’1 =

Lyicosx; = =[(298)(1) + (356)(0.866) + - + (221)(0.866)] = 107.048
Ly sinx; = =[(298)(0) + (356)(0.5) + -+ + (221)(—0.5)] = 121.203
[(298)(1) + (356)(0.5) + - + (221)(0.5)] = —

1Y COS2x; =

L y; sin 2x; = %[(298)(0) + (356)(0.866) + -+ + (221)(—0.866)] = 9.093

Substituting values of a, , a, , by, a,, b, in @O

y ~ 202.09 + (107.048 cos x + 121.203 sinx) + (—13 cos 2x + 9.093 sin 2x) + --

Example 27 The following table connects values of x and y for a statistical input:

Ex

x|0]1]2|3|4]5
y19]18]24|28]|26 |20

press y in Fourier series up to first harmonic. Also find amplitude of the

first harmonic.
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Solution: Herem = 6 , Also putting 2l = 6 = [ =3 = [y],=0 = [yl,=¢ , if y is periodic

LY R + Y (an cos == + b,, sin ﬂ)

:yz@+(a1cos%+blsin%)+--- @
TTX{ 2 . TX§
= Zl 1Yi» A1 =7 Z?:ﬁ’i COSTx, b, = P >o v SlnTx
TX; TX;
Xi Vi COS? sin—
0 9 1 0
1 18 0.5 0.866
2 24 -0.5 0.866
3 28 -1 0
4 26 -0.5 -0.866
5 20 0.5 -0.866
= Zl 1Vi = §[9+18+24+28+26+20] = 41.67

=2%¢, yicosZh= ~[(9)(1) + (18)(0.5) + - + (20)(0.5)] = —8.33

= Zl Vi sm”—x‘ = § [(9)(0) + (18)(0.866) + -+ + (20)(—0.866)] = —1.15
Substituting values of ay,a,, b, in @

=y ~ 20835 — (8.33 cos =+ 1.15sin ) + -+

The amplitude of first harmonic is given by \/(—8.33)2 + (—1.15)% = 8.41

Example 28 The following table gives the variation of a periodic current over a period ‘T~

T'é“ei(t) 0 | T/6| T3 | T/2| 2Ti3 | 5T6 | T
current(A) | 1 9g | 1.30 | 1.05 | 1.3 | -0.88 | -0.25 | 1.98
Amp

Show that there is a direct current part of 0.75 amp in the variable current. Also obtain the
amplitude of the first harmonic.

Solution: Let A = %+Zn L@, cosZE 4+ Y2 b, smT

Herem =6, Also 2I=T = l:—

2nmt

LA a°+2°° 10y cos 22 4 Y1 by, sinT

> A= 7°+ a, cos%+b1 sin % for the first harmonic...®

@ ==%A a,==YAcosZ= by ==Y Asin -
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Time(t) Current(A) 2mt . 2mt
sec amp COoS T Sin T
0 1.98 1 0
T/6 1.3 0.5 0.866
T/3 1.05 -0.5 0.866
T/2 1.3 -1 0
2T/3 -0.88 -0.5 -0.866
5T/6 -0.25 0.5 -0.866

a,=2YA=2[198+13+1.05+1.3—0.88—0.25] = 1.5
6 3

27t

a, = ng cos == = ~[(1.98)(1) + (1.3)(0.5) + -+ + (—0.25)(0.5)] = 0.373

T
by =23 Asin== = 2[(1.98)(0) + (1.3)(0.866) + -+ + (—0.25)(=0.866)] = 1.005
Substituting values of a,, a; , b; in O
+ A~ 0.75 +0.373 cos 2= + 1.005 sin =

Here % represents the direct current part and the amplitude of the first harmonic is given by

~ A has a direct current part of 0.75 amp

The amplitude of first harmonic is given by /(0.373)2 + (1.005)2 = v/1.1491 = 1.072

1.7.1 Harmonic Analysis for Half Range Series

If it is required to express f(x) given in discrete form (x;,y;),i = 1, 2,3, ..., m, taken in the
interval (0, 1) into half range sine or cosine series, we extend f(x) in (—1,0) to make it odd
or even respectively.

Sine Series

To develop f(x) into sine series, extend f(x) in the interval (—1, 0 ) by reflecting in origin,
so that f(—x) = —f(x), function becomes odd function and a, = a,, = 0

o f(x) = Trzy bysin——

m . NIXj
i=1Yi SIn

b, =2 [Mean value of y sin? in the interval (0, 1) ] = %
Note: To express f(x) into sine series, y; must be zero, otherwise it cannot be reflected
in origin.

Cosine Series

To develop f(x) into cosine series, extend f(x) in the interval (—1,0 ) by reflecting in y-
axis, so that f(—x) = f(x), function becomes even function and b,, = 0

s flx) = ? + Y10y cos#
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a, = 2 [Mean value of y in the interval (0, 1) ]

= % [le;ym ty, +ys+ -+ J’m—1] ...... using trapezoidal rule

a, = 2 [Mean value of y cos # in the interval (0, 1) ]

nmx nmx
2 [y1 COS—=+Ym COS— =

2

nmwx nmx nmx
m +y2COST+}/3COST+"'+ym_1COST

n=123..

Example 29 The turning moment ‘M’ units of a crank shaft of a steam engine are given for a
series of values of the crank angle ‘6° in degrees. Obtain first three terms of sine series to
represent M. Also verify the value M from obtained function at 8 = 60°

6 10°] 30° | 60° | 90° |120° | 150°
M | 0 | 5224|8097 | 7850 | 5499 | 2656
Solution: Assuming M periodic, to represent into sine series (half range series), extending
M in the interval (—180°0) by reflecting in origin, so that M(—8) = —M(8), function
becomes odd functionand ay, = a, =0

“M= Y7 b, sin#
Herem =6 ,Also2l=2r=> l=nmn

> M= Y7_,b,sinnb

= M = b; sinf + b, sin 20 + b3 sin 30 + ---

b, = %ZMsinnG ,n=1273..

0 M sin 60 sin 260 sin 36

0° 0 0 0 0
30° 5224 0.5 0.866 1
60° 8097 0.866 0.866 0
90° 7850 1 0 -1
120° 5499 0.866 -0.866 0
150° 2656 0.5 -0.866 1

by =23 Msin® = 2[(0)(0) + (5224)(0.5) + - + (2656)(0.5)] = 7850
b, =§ZMSin29 =

b4 =§ZMsin39=

Wk W]k

~ M=~ 7850sin8 + 1500sin26 +0 + ---
When 6 = 60°, M =~ 7850 sin 60° + 1500sin 120° +0 + ---

~ 7850(0.866) + 1500(0.866) + -+

~ 8097.1

[(0)(0) + (5224)(1) + - + (2656)(1)] = 0

[(0)(0) + (5224)(0.866) + -+ (2656)(—0.866)] = 1500
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Example 30 Obtain half range Fourier cosine series for the data given below:

x|0]1]2]3]4]|5
y|4[8|11]15[12 |7

Also check value of y at x = 2 from the obtained cosine series.

Solution: Assuming y periodic, to represent it into half range cosine series, extending y in
the interval (—6,0 ) by reflecting it in y-axis, so that y(—x) = y(x), function becomes even
functionand b,, = 0
LY R —+Zn 1ancosﬂ
Herem =6 ,Also2l=12= 1=6
Sy —+Zn 1ancosﬂ
=>yz7°+a1cos%+a2cosz%x+a3cos3%x+--

a, = 2 [Y1+Ym
m

Y2+ Y3+ Y

2 y1COS +ym OS
[ r +y2cos—+y3cos—+ 4 Y,_q COS = l

an

m 2
n=123..
cosﬂ 2mx 3mx cosE 2mx 3mx
Xi | Yi 6 COST COST y 6 YCOST YCOST
04| 1 1 1 4 4 4
180866 | 05 0 0.6928 4 0
2 [11] 05 05 1 55 55 11
3[15] 0 -1 0 0 15 0
412 -05 | -05 1 6 6 12
5|7 [-0866| 05 0 -6.062 35 0
a0=3‘”7+8+11+15+12] 2[51.5] =172
6
a, = 2 226062 4 1.6928 + 5.5 + 0 — 6] %[—0.8382] = —0.2794
a2=3‘”35+4 5.5 — 15 — 6] 2[-18.75] = —6.25
6
a3=§ﬂ+0—11+0+1z] “[31=1

~y =~ 8.6—0.2794 cos% —6.25 cosz% + cos?’% + .-
Whenx =2,y = 8.6 —-0.2794 cos%ﬂ —6.25 cos%ﬂ + cos%ﬂ + -

~ 8.6 — 0.2794(0.5) — 6.25(—0.5) — 1 + -
~ 10.5853
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Exercise 1B

. Find half range Fourier cosine series expansion of the function

f(x) = (m — x) in the interval (0, )

Find half range Fourier cosine series expansion of the function
fx) = sin”Tx in the interval (0,1)

. Find half range Fourier sine series expansion of the function

f(x) = e* intheinterval (0,1)

Find the Fourier sine series expansion of the function
= x, 0<x< %
X =7 % <x<l1

The following values of ‘y’ give the displacement of a machine part for the rotation x
of a flywheel. Express ‘y’ in Fourier series.

x [0°]30%°] 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330°

y | 70 | 886 | 1293 | 1400 | 1307 | 814 | -70 | -886 | -1293 | -1400 | -1307 | -814

Express y in Fourier series up to third harmonics.

v is a discrete function of x, given as below:

x| 0°60°]120° | 180° | 240° | 300° | 360°
y|08]06 |04 |07 09 | 1.1 | 038
Express y in Fourier series up to first harmonic.

. Obtain Fourier sine series of y for the data given below:

x|[0| 1|2 |3|4/5(|6
y|0]10]15|8|5]|3|0

Following values of y give the displacement of a certain machine part for the
movement x of another part:

nm | 2m | 3r | 4w | 5m
x|0| = | — | — | — | —
6 6 6 6 6

y[0]92]144/178|173|11.7|0
Express y in Fourier series up to second harmonic.

T

Answers

cosx = cos3x cos5x n ]
2

T 4
f(x)~;+;[12 + 32 t 5

2TTX 4TTX 6TTX
COS—— COS—— COS——

~2_ 4 I 1 1
fl) ~2 n[ + + +

1.3 3.5 5.7
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L N oo A~ W

- 1(1+e) . 2(1-e) .
f(x) = 2m [—an sinzx +———sin 2mx +

3(1+e)
14972

$n3nx+~~]

11 4\ . 1 4\ . 1 4\ .
f(x)z;[;(l—;)smnx+§(1+§)sm3nx+g(1—5)sm5nx+---]
y =~ 42 cosx + 1501 sinx + 28 cos 3x + 100 sin 3x + -

y =~ 0.75+0.1cosx —0.29sinx + ---

y ~ 10.607 sin = + 4907 sin%" +1.667 sin%" T
y = 11.73 — 7.73 cos 2x — 1.56 sin 2x — 2.83 cos 4x + 0.115sin 4x + ---
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