SUCCESSIVE DIFFERENTIATION
& LEIBNITZ'S THEOREM

il olikl

[The process of differentiating a function successively is called
Successive Differentiation and the resulting derivatives are
known as successive derivatives.]




Commonly used notations for higher order derivatives of a function y = f(x)

15¢ Derivative: f'(x) ory'ory, or Z—z or Dy

2
24 Derivative: f'"(x) ory' ory, or % or D2y
nt" Derivative:  f™(x) or y™ ory, or % or D™y

Calculation of nt"Derivatives

1. nt® derivative of e?*

Let y = e
Then y, = ae**
Y, = aledx
y, = at e™

2. ntt derivative of (ax + b)™
Casel: whenn < m
Let y = (ax+Db)™

Then y; = ma(ax + b)™ !
y, = m(m — 1)a?(ax + b)™ 2

Yp=mm—-1).(m—n+1a"(ax +b)" " = (mrf!n)l a(ax + b)y™ "



Case2: whenm =n

n!

(n—n)!

VYn = a"(ax +b)*"™ " =nla"

Case3: whenn > m
Yn =10
Cased4: whenm = —1
y = (ax +b)™1
Theny, = —a(ax + b)~?
y, = 2a*(ax +b)3

y; = —6a3(ax +b)™*

. —n—-1 _ =1)"nla™
Vn = (—1)”71! a"(ax + b) n-1 — W

3. nt"* Derivative of y = log(ax + b)
Let y =log(ax + b)

a
(ax+b)

Then y, =

a2

(ax+b)?

V2 = —



2la3
Y3 = (ax+b)3

n— 1(n 1)!a™
( 1) (ax+b)"

4. n** Derivative of y = sin(ax + b)

Let y = sin(ax + b)

Then y; = acos(ax + b)
. T
= asm(ax+b+5)
y, = a*cos (ax + b+ g)

=azsin(ax+b+§+§)

— AN nn
Vo = a sm(ax+b+ 2)
5. ntt Derivative of y = cos(ax + b)

Vo = a”cos(ax+b+%)

By computing in similar manner as of result 4



6. n'" Derivative of y = e**sin(ax + b)
Let y = esin(bx + ¢)
Then y, = ae*sin(bx + ¢) + e**b cos(bx + ¢)
= e [asin(bx + ¢) + b cos(bx + ¢)]
= e [ r cosa sin(bx + ¢) + r sina cos(bx + ¢)]
by putting a = r cosa, b = r sina
=e™™ r sin(bx+c+ a)

Similarly, y, = e%* 7?2 sin(bx + ¢ + 2a)

Yn = e r' sin(bx + ¢ + na)

where r? = a? + b? and tana =
n
“ Y =e™ (a®+b?)z sin(bx+c+ntan~'2)

7. n" Derivative of y = e**cos(ax + b)

n
V., = e r™ cos (bx + ¢ + na) = e** (a®+ b?)z cos (bx +c+ntan?! g)

By computing in similar manner as of result 6



Summary of Results

Function nt" derivative

y = eax Yy, = qm edx

( m! _

ma”(ax +b)"™" m>0m>n
_ m 0, m>0, m< n,
y = (ax+D) Yn = n! a™ m=n
(—=1)™*nla™
, m=-—1
\  (ax + b)t!
(n-1)!a™

y = log(ax + b)

— (—1\n—1
yn_( 1) (ax+b)n

y = sin(ax + b)

yn=a”sin(ax+b+nz—n)

y = cos(ax + b)

Y, = a cos(ax+b+%)

y = e* sin(bx + c)

n b
Y = e (a? + b?)Z sin (bx te+t ntan‘la)

y = e cos(bx + ¢)

n
Vo = e (a* + b?*)z cos (bx +c+ntan~? g)




Example 1 Find the nt" derivative of —
1-5x+6x

1

Solution: Let y = Py
Resolving into partial fractions

1
Y= (1-3x)(1-2x)

_3(=1)™n! (=3)" _2(—1)"n! (=2)"
Jn T (1-3x)n+1 (1-2x)n+1

(-1)™nla™
(ax+b)n+1

= yp = (=D n! l(1—33x)n+1 B (1—22x)n+1] = l(1—33x)n+1 N (1‘22x)n+1]

Example 2 Find the nt" derivative of sin6x cos4x

.- nt" derivative of (ax + b)~1 is given by

Solution: Lety = sin6x cos4x

= %(sin 10x + sin 2x )

“Yn =7 [10" sin (102 +2F) + 27 sin (2x + 27)|



- nt" derivative of sin(ax + b) is given by a™ sin (ax +b+ %)

Example 3 Find nt" derivative of sin®xcos3x
Solution:  Lety = sin®xcos3x

= sin®xcos?x cosx = i sin?2x cosx = %(1 — cos4x)cosx
1 1 1 1
= -c0sx — =cos4x cosx = =cosx ——(cos5x + cos3x)
8 8 8 16
= 1—16 (2cosx — cos5x — cos3x)
LYy = 1—16 [Zcos (x + %n) — 5™cos (Sx + nz—n) — 3™cos (3x + nz—n)]
.- nt" derivative of cos(ax + b) is given by a™ cos (ax + b+ nz—n)

Example 4 Find the nt" derivative of e3*cosx sin?2x

Solution: Lety = e3*cosx sin?2x

1 : 1
= e3xcosx.5 (1-cos4x)) - sin?2x = ~ (1 - cos 4x)
1 1 1
= 583" (cosx - cosx cos 4x) = 563" (cos X- = (cos 5x + cos 3x)
1 3x

1 1
= y = ~e3*cosx —-e3*cos 5x —=e3*cos 3x
2 4 4

“Yn = %e3x (9+ 1)z cos (x + ntan‘lg) —ie3x (9 + 25)2 cos (Sx + ntan™? 2)



- i e3* (9 4+9)z cos (3x +ntan~! 2)

n
- nt derivative of e®* cos(bx + ) is given by e** (a® + b?)z cos (bx +c+ntan™? g)

n n 5 n
= %83’“ 10z cos (x +ntan~?! %) - %8396 342 cos (Sx +ntan~! 5) - %8396 182 cos(3x + ntan~11)

Example 5 Find the nt" derivative of log(4x2 — 9)

Solution: Lety = log(4x? —9) = log(2x + 3) + log(2x — 3)

— (—1\n—1 _ | on 1 1
Yo = (DT -1 2 [(2x+3)n+(2x—3)”]

(n-1)!a™

.o th darivati is gi —1)n1
- n'" derivative of log(ax + b) is given by (—1) (i)

1
2

Example 7 Ify = sinax + cosax, prove that y, = a™[1+ (—1)"sin2ax ]

Solution:  We havey, = a" [sin (ax + %) + cos (ax + nz—n)]

1
2

- 2
=qm {sin (ax + nz—n) + cos (ax + %)} ]

1
T

= a" |sin? (ax + %) + cos? (ax + %) + 2 sin (ax + %) . COS (ax + %)]2

1
= a1 + sin(2ax + nm)]z



1
= a[1 + sin 2ax cos nw + cos 2ax sin nw |2

1
=a™[1+4+ (—1)"sin2ax ]z ~cosnm=(—1)"andsinnmt =0

Example 8 Find the nt" derivative of tan‘1§

Solution: Let y = tan‘lg

. 1 . a _ a . a _a 1 1 1 1 1
=N = X2\ x2+4a2  x2—(ai)?  (x+ai)(x—ai) 2ai \ x-ai x+ai 2i\x—ai  x+ai
a<1+a—2)

_1\n—-1 _ _1\h—1 _
Differentiating (n — 1) times w.r.t. x, we get y, =i[( Do) DT 1)!]

2i (x—ai)™ (x+ai)n
D" (-niptt
(px+q)™

+ (n — 1) derivative of (px + q)~1 is given by

Substituting x = r cos@, a = r sinf such that 8 = tan_lg

_ (D) 1 (n-1)! [ 1 1 ]

2

= Yn —— — — —
r™(cos 6—i sinB) r™(cos B+isinf)

_ D i
- 2irn

(cos @ —isinf)™™ — (cos @ + i sind)™"]
()" (n-1)! [
- 2irn

_ )" (-1
= -

cosnf + isinnf — cosnb + isinnf], by De Moivre’s theorem

sin né




_ )" (n-1)!

( - )n sin né v a=r1sin6
sin 6

D" 1n-1) . ) _
=& an(n 2 sinnd sin" 6 where 6 = tan 12

Example 9 Find the nt" derivative of 1+x1

+x2

1 —1+iv3 —-1-iv3
= where @ = 223 ang w2 = 1703
1+x+x2 (x—w)(x—w?) 2 2

Solution: Lety =

oyt (1 1)
y_w—a)z X—w x—w?

1 ( 1 1 )_—i( 1 1 )
T i3 \x-w x-w2) V3 \x-w x—w?

_ i (—1)nn' . (—1)"7’1' th -1 (— )nnla
= Y =7 [(x_w)n+1 (x—a)z)n"'l] derivative of (ax + b)™" is given by (@xsD)H
_ =i(=1)"n! 1 . 1 ]
- V3 (x—w)+1 (x—w?2)n+1
(=™l 1 1
. n+1 . =\ Nn+1
B () (x+2+55)

. l( 1)n+1n| 2n+1

1
V3 l(2x+1 —iv3)"" (2x+1+i\/§)n+1]




_i(=2)"1nl

= Yn = 73 b [(cos@ — isine)—(n+1) — (cosO + iSinH)—(n+1)]
by substituting 2x + 1 = r cos6, V3 = r sinf such that 6 = tan™? _z;/i
P (_o\n+1
MG o [cos(n + 1)0 + i sin(n+ 1)0 — cos(n + 1)6 + isin(n + 1)6] , using De Moivre’s theorem

7 (%>n+1

o on+l _o\n+2
= % 2i sin(n + 1)8 sin™t1'0 = L,Hzn' sin(n + 1)0 sin™*16 , where 8 = tan™?! V3
(\/E) \/§ 2x+1
Exercise 1 A

4

Find the nt" derivative of ———
(x—1)(x-2)
Find the nt™ derivative of cosx cos 2x cos 3x
2
If x =sint ,y = sinat, show that (1 —xz)%—xj—z+ a’y =0
2 2 2 2 winn2 d’p _ a®b?
If p* =a”cos* 6+ b”sin“0, ShOWthatp+m= 3

If y= xzxﬁ ,find y,, i.e., the nt™ derivative of y

If y=e*sin?x,find y, i.e., the nt” derivative of y
. 7. Find n'" differential coefficient of y =log[(ax + b)(cx + d)]

8. Ify= xlogz—;i,show that y,= (—1)" *(n — 2)! [(;__Sn (;:;n]

© NO O A~ WD

1+x2—

. 9. Ify=tan™! 1 show that y,= % (—D"1(n—1)!sinn@ sin"0



Answers

(D" | — o]
z [2” cos (Zx + n—n) + 4™ cos (4x + n—n) + 6" cos (6x + nz—n)]
(— )

_1X

cos(n + 1)60 sin™1@ where 6 = tan

le [1—16(2x +2)]

.07.0"!\’!—‘

Leibnitz's Theorem

If u and v are functions of x such that their nt*derivatives exist, then the nt*derivative of their product is given by
(UV)p = UV + N Up_1 V1 + N, Up 3 Vp + o+ N Up—y U + 0+ UV

where u,.and v, represent rt"*derivatives of u and v respectively.

Remark: The term which vanishes after differentiating finitely should be taken as v.

Examplel0 Find the nt" derivative of x log x

Solution: Letu =logx andv = x

n-2)!
xn—1

Thenu, = (—1)"" 1(nxnl) andu,_, = (=122
(n-1)!'a™

th . . . : _1\yn-1
n'"* derivative of log(ax + b) is given by (—1) (e



Now, by Leibnitz’s theorem, we have
(UV)p = UV + N Up_1 V1 + N, Up_aVp + o+ g Up—p U + 0+ UV,

= (xlogx), = (D" x4 n(-)n 282 4 0

(nl) (n—=2)!
= (O O D R

= O ER (- D+l = (-2 2

Example 11 Find the nt" derivative of x2e3* sin 4x

Solution: Letu = e3*sin4x and v = x?
n
Then u, = e 252 sin (4x +ntan™! g) = e3* 5™ sin (4x +ntan™! S)

n
nt" derivative of e®* sin(bx + c) is given by e%*(a? + b?)z sin (bx + c+ntan~? Z)

Now, by Leibnitz’s theorem, we have
(u v)n = UV + Ne, Upn—1 V1 + N, Up—2 Uy + -+ N¢, Up—r Uy + -+ uwy,

= (x%e3*sin4x ), = x2e3* 5" sin (4x + ntan~! g) + 2nxe3* 5™ 1 sin (4x + (n—1)tan™?! 5) +

n(n — 1)e3* 5" 2 sin (4x + (n—2)tan"?! ) +0

_ p3xcn lxz sin (4x + ntan™? g) + 2% sin (4x + (n—1)tan™! g) + "(721;1) sin (4x + (n —2)tan"? g)]



Example 12  If y = acos(logx) + b sin(log x), show that
X*Ynsz + Cn+ Dxypeq +n(n+ 1)y, =0
Solution: Here y = a cos(logx) + b sin(log x)
=y = —%sin(log x) + gcos(log X)
= xy; = —asin(logx) + b cos(logx)
Differentiating both sides w.r.t. x , we get
XY, + Yy = —% cos(logx) + _Tb sin(logx)
= x%y, + xy; = —{acos(logx) + b sin(logx)}=—y
=>x%y, +xy; +y =0
Using Leibnitz’s theorem, we get
na2x® + N, V12X + 16, Yn-2) + (Vg1 X + ¢, Yn. 1) + 90 =
= Ynr2X® + Yne1 20X + 0 = Dyn + YpiaX + 0y + ¥ = 0
= X%Yn4z + (20 + Dxypgq + (° + 1y, =0
Example 13 If y = log(x + V1 + x2), prove that (1 + x2)yn,, + (20 + 1)xypeq + 1%y, = 0

Solution: y = log(x + V1 + x2)

1 1 1
>n= o (U e ) = T



>1+xH)yt=1

Differentiating both sides w.r.t. x, we get
(1+ x2)2y,y, + 2xy,2 =0

> (A +x)y, +xy; =0

Using Leibnitz’s theorem
[Vne2(1 +x%) + Ne, Yn+12X + N, Yy 2] + (Yn+1x + n¢, Yn- 1) =0

= Yn42 (1 + xz) + Ynp12nx + n(n — Dyp + ypyx +ny, =0
=> 1+ xz)Yn+2 +(@2n+ Dxyper + nz)’n =0

Examplel4 If y = sin(m sin~1x), show that
(1 = x*)Ynsz2 = @n+ Dxyniq + (* — m*)y,. Also find y,(0)

Solution:  Here y = sin(m sin™1x) (D
>y, = \/% cos(m sin"1x) .2

= (1 - x¥)y,%2 = m?cos?(m sin1x)

= (1 -x¥)y,%2 = m?[1 —sin?(m sin"1x)]

= (1= xM)y,? =m*(1 - y?) -3
= (1- x®)y, 2 + m?y? = m?

Differentiating w.r.t. x, we get



(1= x2)2y,y, + y1%(=2x) + m*2yy; = 0
>(1-x)y, —xy; + m?y =0

Using Leibnitz’s theorem, we get

Wna2(1 = x%) + g, Va1 (—2%) + ng, y (—2)] = (Yns1x + ncl3’n1) +m?y, =0
D Yna2(1 = %) = yppr2nx = n(n = Dy = Onerx + nyp) + mPy, = 0
= (1= x)Ynsz = @0+ Dxypsq + (2 —mDy, @
Putting x = 0in (1), @ and (3)
y(0) = 0, y,(0) =mand y,(0) =0
Putting x = 0in (4), we get
Yn+2(0) = (n* = m?)y, (0)
Putting n = 1,2,3 ... in the above equation, we get
y3(0) = (1 =m*)y;(0) = (1> —=m*)m
v4(0) = (2> =m*)y,(0) =0

“y1(0) =m

©y2(0) =0
y5(0) = (3% = m*)y;(0) =m(1* - m*)(3* - m?)

0

, if nis even
m(1* = m?)(3* —m?) ...[(n — 2)?) — m?]

,if nisodd

= ¥,(0) ={



Example 15 If y = e™Si""'% show that
(1 = x*) Yo — 2n + Dxyyy — (0% + m?)y, = 0. Also find v, (0).
Solution: Here y = e™sin™'x (1)

__m msin~1x
TNT e
__my
- \/1_—x'2 ...... @

= (1 —x?)y,* =m?y?
Differentiating above equation w.r.t. x , we get
(1 = x*)2y1y, + 312 (=2x) = m*2yy,
= (1=x%)y, —xy; —m?y =0

Differentiating above equation n times w.r.t. x using Leibnitz’s theorem, we get

Wnt2(1 = %%) + ng, Yng1 (=20) + 16, Y0 (=2)] = (Fna1x + 1g,yn 1) = mPyp =0
= Yne2(1 = %) = ypp12nx —n(n = Dy, — Wne1X + ny,) —m?y, =0
= (1= x)ype — Cn+ Dxyye; — (2 +m?)y, =0...... (@)
Tofind y,(0): Puttingx = 0 in (1), @)and (3)
y(0) = 1, y,(0) = mand y,(0) = m?
Also putting x = 0 in, we get



Yn+2(0) = (n? + m*)y,(0)
Putting n = 1,2,3 ... in the above equation, we get
y3(0) = (12 + m?)y,(0) =(12 + m*)m +y,(0) =m
¥4(0) = (2% + m*)y,(0) = m?(2% + m?) + y,(0) = m?
y5(0) = (3% + m?)y;(0)
=m(1% + m?®)(3% + m?)

m?(2%2 + m?) ...[(n — 2)? + m?], if niseven

= ¥,(0) = {m(lz +m?)(3%2 +m?)..[(n—2)%> + m?],if nis odd

Example 16 If y = tan~!x, show that

(1= x2)Yp4p +2(n+ Dxyye; + n(n + 1y, = 0. Also find y,(0)

Solution: Herey = tan™'x (D
1
>y = (2
_ —2x
Y2 = 1+x2
=> (1 +xY)y, +2xy; =0 (3

Differentiating equation (3) n times w.r.t. x using Leibnitz’s theorem



W21+ 22) + ¢, Yny1(22) + ng, (D] + 2(Yns1x +1e,yp1) =0
= Yna2(1+ x7) + Yy 2nx + n(n — Dyp + 21 +ny,) =0
> (14 x))y,4 +2(n+ Dxy,; +n(n+ 1)y, =0...... (@)
Tofind y,(0): Putting x = 0 in (1), @and (3), we get
y(0) = 0,y,(0) =1and y,(0) =0
Also putting x = 0 in (4),we get
Yn+2(0) = —n(n + 1)y,(0)

Putting n = 1,2,3 ... in the above equation, we get

y3(0) = =1(2)y:(0) = -2 v y,(0) =1
¥2(0) = =2(3)y.(0) =0 2 y,(0) = 0
y5(0) = =3(4)y3(0) = -3(4)(-2) = 4!

¥6(0) = —4(5)y,(0) =0
y7(0) = =5(6)y5(0) = =5(6)4! = —(6!)

= You1(0) = (=D"2n)!and  y,,(0) = 0

Examplel7 If y = (sin”1x)?, show that
(1 = xH)yner — 2n + Dxy, — n?y, = 0. Also find y,,(0)



Solution: Here y = (sin™1x)? (D

>y, = Zsin‘lx.\/li7 (2
Squaring both the sides, we get
(1-x%)y,?2 =4 (sin"1x)?
= (1 - 2%y =4 (y)°
Differentiating the above equation w.r.t. x, we get
(1 =x)2y,y; + 3% (=2x) — 4y, = 0
>1-x>)y, +y,(=x)—2=0 .(3)
Differentiating the above equation n times w.r.t. x using Leibnitz’s theorem, we get
Wns2(1 = %%) + ng, Yy (=2%) + 16,90 (=2)] = (Yna1x +1¢, 30 1) = 0
= Yna2(1 = x%) = ynpa2nx = n(n — Dyp — Gpyax +nyp) =0
= (1= x*)Yn42 — @2+ Dxypiq — yon® = 0 -
To find y,,(0): Putting x = 0 in (1), @and (3), we get
y(0) = 0,y1(0) = 0and y,(0) = 2
Also putting x = 0 in (4), we get

Yn+2 (0) = nZYn(O)



Putting n = 1,2,3 ... in the above equation, we get
y3(0) = 1%y,(0) =0 2 y,(0) =0
v4(0) = 2%y, = 222 2t ,(0) = 2
y5(0) = 3%y;(0)=0
¥6(0) = 4%y,(0) = 4°2%2

0, if nis odd

= yn(O) = {2 22. 42 o (n — 2)2 , lf nis even

Exercise 1 B
1.Find vy, ,ify =x3cosx
2.Find vy, ,ify =x%e*cosx

-1

3. If ym + ym = 2x, prove that(x? — Dy, + Cn+ Dxy, + (M2 —m?)y, =0

4. 1f yv1 + x% = log (x + V1 + x2), prove that
(1 +x)Ynsz + @+ 3)xype + (0 +1)%y, = 0

5.1fy = [x +vV1+ xz] , prove that (x? + 1)y, + 2n + Dxy,.1 + (n* —=m?)y, =0

6. If y = (sinh™1x)?, show that
(14 x®)Ypse + @n + Dxyyyq + 12y, = 0. Also find v, (0).



7.1f y = cos (m sin~1x) , show that
(1 o xz)yn+2 = (Zn + 1)xyn+1 + (nz - mz)yn . Also find Yn(o)-

8. If f(x) = tanx, prove that f™(0) — n¢, f"%(0) + ng, f**(0) — -+ = Sinnz—n

Answers
1. xcos (x + nz—n) + 3nx?cos [x + %(n - l)n] + 3n(n — 1)xcos [x + % (n— 2)7‘[] + n(n—1)(n — 2)cos [x + % (n— 3)7t]
2. 2ze*cos (x + E)
4

Yone1(0) = 0and  y,,(0) = (=1)""12.22.42 .. (2n — 2)?



