CHAPTER 2

INFINITE SERIES

2.1 Sequences: A sequence of real numbers is defined as a
function f: N — R,where N is a set of natural numbers and R is a set of

real numbers. A sequence can be expressed as(fi, f2, fz, «-» fry e )OF
(f,,). For example (%) = (%%%% ... ....) IS @ sequence.

Convergent sequence: A sequence (u,) converges to a number I, if
for given € > 0, there exists a positive integer m depending on ¢, such
that lu, — | <eVn =m.

Then | is called the limit of the given sequence and we can write

limu, =lor u, -1

n—oo

2.2 Definition of an Infinite Series

An expression of the form u; + u, + uz + -+ + u,, + --- is known as the
infinite series of real numbers, where each u,is a real number. It is
denoted byY -, u,,.

For example 27?:1% =1+ % + § + i + ---is an infinite series.
Convergence of an infinite series
Consider an infinite series Yo—q U, = Uy + Uy + Uz + -
LetusdefineS; =u; , S, =u;+uy, Ss=u +u, +ug, ...,
Sp=u; +u, +uz +--+u, andsoon.

Then the sequence (S,,) so formed is known as the sequence of partial
sums (S.0.P.S.) of the given series.



Convergent series: A seriesu; +uy +uz + -+ u, + - =27 Uy,
converges if the sequence (S,)of its partial sums converges i.e. if
lim S, exists. Also if limS,, =S then S is called as the sum of the

n—-oo n—->oo

given series .

Divergent series: A series u; +u, +uz + -+ u, + - = 25Uy
diverges if the sequence (S,) of its partial sums diverges i.e. if
lim §,, = 400 or — oo,

n—>oo

Example 1 Show that the Geometric seriesy o™ 1 =1+7r+
r2+r3+.....,where r > 0, is convergent if r < 1 and diverges if r > 1.

Solution: Letus defineS; =1, S,=1+r, S;=1+r+712%,.....,

Sp=14+r+r2+.. "1

Casel:r <1
—pn n
Consider lim$S, = lim = = ——— lim —
n—oo n-ooo 1-r 1-r n—ooo 1-7
= =  (Aslimr"=0if|r| <1)
1-r n—oo

Since lim S,is finite . the sequence of partial sums i.e.(S,,) converges

n—-oo

and hence the given series converges.

Case2: r>1

. . . n_q . n 1
Consider lim$,, = lim = — lim — — %

n—-oo n-oo r—1 n—-oo 1-r r—1

- o (Asr* - oifr>1)
Since (S,,) diverges and hence the given series diverges.
Case2:r =1
Consider S, =1+r+7r?+--+ "1

=1+1+1+1+-..+1 = n=> limS, =

n—->oo



Since (S,,) diverges and hence the given series diverges.
Positive term series

An infinite series whose all terms are positive is called a positive term
series.

p-series:An infinite series of the form Z;’{;ln—lp = lip + zip+3ip + - (p>
0)is called p-series.
It converges ifp > 1 and diverges if p < 1.
For example:
w 1 1 1 1
1.Zn=15 = T 35t55 + - converges (Asp=3>1)

w 1 _ 1 ., 1.1 ., . =3
2.2n=1n5/2 = + 25/2+35/2 + --- converges (As p=3> 1)

[ee) 1 1 1 1 1
B'anlm = A + 21—/2"'31—/2 + --- converges (As P=; < 1)

Necessary condition for convergence:

If an infinite series ),;—; u, is convergent then limu, = 0. However ,

n—oo

converse need not be true.
Proof: Consider the sequence (S,,)of partial sums of the series) »—; u, .
We know that Sp=utuy +uzg+ e tuy,
=uU tu, +uz+ - +u,—; +u,
S S 1=UpFuy; Huzg o +Up_q
Now S, —S,_; = u,
Taking limit n — oo, we get

lim (S, —S,-1) = limu,
n—oo n—-oo



= limS,, — limS,,_; = limu,, ........... (1)
n—oo n—oo

n—-oo

As Y>> ,u, is convergent .. sequence (S,) of its partial sums is also
convergent.

Let limS,, =1, then limS§,_, =1

n—-oo n—->oo

Substituting these values in equation (1), we get limu,, = 0.
n—oo

To show that converse may not hold , let us consider the

seriesYy; Uy = Lio1

Here limu,, = lim 1=

n—-oo n-on
ButZ;‘f:l% is a divergent series (Asp = 1)

Corollary:If limu, # 0, then };;_; u,cannot converge.
Mn—oo
Example 2Test the convergence of the series Yo cos%

: 1 . : 1
Solution: Here u,, = cos— = limu, = llmcos; =1+0

n—-oo n—oo

Hence the given series is not convergent.

Example 3 Test the convergence of the series Y%, ﬁ

Solution: Here u, = % = limu, = lim |—

n—oo n-oo\| n+1

= limu, = lim |—s=1%0

n—-ow n—-oo 1+_’—1

Hence the given series is not convergent.



2.3 Tests for the convergence of infinite series

1. Comparision Test:

Let >0, u,and Y>>, v,be two positive term series such that

u, < kv, Vv n (where k is a positive number)

Then (i) If X;7-; v,converges then )., u,also converges.
(i) If X, u,diverges then >, v ,also diverges.

Example 4 Test the convergence of the following series

O ()RS (i) 52y 5oy VX > 0

Solution: (i) Here u, = nin We know that n™ > 2™ for n > 2
Hence — < — forn > 2
nn 2n

1 . . . 1 1 1
Now XL, is a geometric series (- + — + — + ---)whose common

.. 1
ratio Is -.
2

. 1 1 . . . .
Since 5 < 1. Z,?zlz—n IS a convergent series. Thus by comparision test

1 .
Vet — s also convergent.

(i1) Here u,, = @ We know that logn <n for n > 2

1 1 1 1
Hence —>-forn>2 =>-<—1Fforn>2
logn n n logn

Now 2,“;’:1% is a divergent series (As p = 1) . Thus by comparision test

1 . .
o —
Yoo ogn 1S also divergent.

1
2M4x

(iii) Here u,, = Clearly 2™ + x > 2" (as x > 0)



1 1

-. <
2N+ x AL

1 . . . 1 1 1
Now Z;‘f’zlz—n IS a geometric series (E totst ---)whose common
.. 1
ratio is -.
2
. 1 1 . . ..
Since 5 < 1. 21010=12_n is a convergent series. Thus by comparision test

1
Z%):l 2N 4x

is also convergent.

Example 4 Test the convergence of the series) -, [% + (n+11)2]

Solution: Here u, = [% + (n_:l)z]

1 1 1 1 1
Clearly =t —2ts <3

(n+1)2 n2 n2
Now Z;‘{;ln—lz IS a convergent series (As p =2>1) . Thus by

1
(n+1)2

- 1 .
comparision test Yo, [ﬁ + ] is also convergent.

2. Limit Form Test:

Let Yo, uyand Y.o°_; v, be two positive term series such that

lim =% = [ (where [ is a finite and non zero number).

n—oo Vn

Then Y, uyand Yo, v,behave in the same manner i.e. either both
converge or both diverge.

Example 5Test the convergence of the series bt
3.7 49 5.11

1

Solution: Here u,, = S yem=

1 2 _ 7’l2

1 .
Let v, = —. Now consider = = n2 =
n? v, (n+2)(2n+5) 2n2+9n+10

. Un ) 2
= lim — = lim PSP
n—oo Un n-oo 2n“+9n+10



1 1 . . ..
=lim 9 (which is a finite and non zero number)

n—->oo 2 E ﬁ
Hence by Limit form test, Y., u,and >..°_, v,behave similarly.

Since Yo v, = Z;’{;l% converges (as p =2 > 1)

1
. oo _ Yo L
S =i Un = Dpe1 (n+2)(2n+5)also converges.

Example 6Test the convergence of the series

1 Vn+i-vn-1
(/\/—+\/—+\/—+\/—+\/—+\/— (”)an n

Solution:(i) Here u, = .

vn+1+vn+2
—— L (N
Letv, = = Now consider = o~ eV

= lim =2 = lim ——— Vn
n—oo Un n-oo Vn+l+yn+2

= \/ii (which is a finite and non zero number)
Hence by Limit form test, Y.»—; u,and Yo", v, behave similarly.
. . w 1 4 1
Since Yooy v, = anlﬁ diverges (as p = 5 < 1)

1 .
B oo —_ [}
= V=1 Un = Y1 e also diverges.

(ii) Here w,, = =——"—
Vn+1 Vn-1 Vn+i+vyn-1 _ (n+1)-(n-1) _ 2
n "Vnti+vn—1 nvntl+vn-1  nyn+l+yn—-1
Letv, = —— = - Now consider “* = 2"

wn o nl2 vn T Vn+i+vn—-1



. u 2\/_
= lim = = lim
n—oo Un n-oo Vvnt+l+vn

= 1 (which is a finite and non zero number)

Hence by Limit form test, }'>°_, u,and Y.>°_, v,,behave similarly.

SinceY ™., v, = Z;’;;lgi/z converges (as p = % > 1)
n

- Z‘I?:lun - ZTL 1

—_— - 71 also converges.

Example 7 Test the convergence of the series
e, [ + 1) =1 (i) Ty sin

1
Solution:(i) Here u, = (n®* + 1)/s —n=n (1 + %) Pon

nfre gt 2 G

_ 1 1
" 3n2  o9ns
1
Let v, = ;
. u 1 . . -
= lim & = =(whichis a finite and non zero number)
n—oo Un 3

SinceXn=1Vn = Xn=1 %converges asp=2>1)
= Y1 Uy also converges (by Limit form test).

1 .1 1

(i) Here u, =sm; . Let v, = -

.1
Sin—
Then lim 2 = lim —=

n—-oo Un n—oo n




=1 (which is a finite and non zero number)
SiNCeY. ;- Uy = D 1 dlverges @sp=1
~ Yim=1 Uy also diverges (by Limit form test).
Exercise 2A

Test the convergence of the following series:

2

1. Y 1e‘” Ans. Convergent
2. Yo T logn Ans. Convergent
3 Z;‘{’ .(Vn3+1—+n®) Ans. Convergent
4. - + £ +£ + £ Ans. Divergent
5. E + E 3? +.. Ans. Convergent
6. Yoy ((n +1) Ys - n) Ans. Divergent
7. Yoo 1n3+1 Ans. Divergent
8. Yo 1\/_ n:l Ans. Convergent
9, — f—— ... Ans. Divergent
1+x 2+x  3+x
10.2;‘{’=1ﬁ Ans. Divergent

3. D’ Alembert’s Ratio Test

Let Yo, u,be a positive term series such that

Then (i) Yo, uyconverges if < 1
(ii) Yom—q U, diverges if 1 > 1

(iii)Test fails if | = 1



Example 8 Test the convergence of the following series:

1222 2232 3242 4252 R O
i)z +232 3.33 434 D e (1)) s
PN _ _ 1
Solution: (i)Here u,, = w2 Uil = o
3n )
Then lim = = lim ——— =lim
n—-o Up n—ooo (n+1)3n+1 n-oo (n+1)3
1
=lim— =0<1
n—oo 3(1+ )

Hence by Ratio test ,the given series converges.

. _ n?(n+1)? _ (n+1)2(n+2)?
(if) Here Uy = = Upyq = W
Then lim 22 = |im (n+1)*(n+2)" n
n—-oo Un n— o0 (n+1)! "n2(n+1)2
2
m (m+2)" L _ lim — ﬁ =0 <1
_n—>oo (n+1) "n2 - n—oo (Tl+1)- 1 -

Hence by Ratio test , the given series converges.

. . n! _ (Tl+1)!
(i) Here up, = — =y = (n+1)@HD
(m+1)! " _ . n'
Then 1111—{?0 un 71L—>oo (n+DHD " 1115?0 (+1)"
. 1 1 1
=lim = =<1

n—co (1_,%)” e 2718
Hence by Ratio test , the given series converges.
Example 9 Test the convergence of the following series:
O3+ 55+ e ) () + () +G2) + () +

(n+1)!
7Tl+1

. ) !
Solution: (i) Here u,, = — = u,,, =

7n



n
Then lim 21 — Jjp & 7

n-oo Up n—oo 7(n+1) "
. n+1
=lim— = o0>1
n—-oo

Hence by Ratio test , the given series diverges.

(ii) Here 1, = [ 1.234..10 ]2 " = [ 1.2.34..n(n+1) ]2
n 7 [35.7.9..(2n+1) n+1 ™ |3579..(2n+1)(2n+3)
. Un1 . n+1\% _ 1 1
Thenhm—=llm( ):— ==-<1
n—-oco Up n—ooo \2n+3 22 4

Hence by Ratio test , the given series converges.

Example 10 Test the convergence of the following series:

N X x3 x5 x7 Ly X x2 x3  x*
(I)\/_§+\/_7+ﬁ+\/ﬁ +““'(II)E+Z +E+R +---(x>0)

2n-1 x2n+1

Solution: (l) Here U, = j/cﬁ = Upyq = \/ﬁ

2n+1
. u . X 2n+3

Then lim 2 = lim = x?
n—oo Un n—ooV2n+5 x2n-1

Hence by Ratio test , the given series converges if x2 < 1 and diverges
if x2> 1.

Test failsif x2 =1.ie.x=1

1

Whenx=1,u, = 5=
_ 1 ap Un V1
Letv, = ﬁ.Now consider o = T
= lim =2 = lim v
n—oo Un n—-oo V2n+3

1 . . ..
= E(whlch is a finite and non zero number)

SinceY o vy = Z;‘{;l\/iﬁdiverges (as p = % <1« Yn-iu,also

diverges for x=1 (by Limit form test).



=~ the given series converges for x < 1 and divergesforx > 1.

n+1
(i) Here u, = S Uy = ———
nn+2) (n+1)(n+3)
Then lim %22 = Jim —&*2) y —
n-oo Up n-oo M+1)(n+3)

Hence by Ratio test , the given series converges if x < 1 and diverges if
x>1

Test fails if x=1

1

When x=1, u, =
nn+2)
Let v, = ; .
. Up . n?
= lim— = lim
n—oo Un n—-oo n(n+2)

= 1 (which is a finite and non zero number)
SinceY o, v, = Z;‘{;lﬁconverges @sp=2>1
& Yy Uy, also converges for x=1 (by Limit form test).
=~ the given series converges for x < 1 and diverges for x > 1.
3. Cauchy’s n th Root Test
Let Y., u,be a positive term series such that
lim (un)l/n =1
n-00
Then (i) Yo, uyconverges if I< 1
(i) Yp=q Uy, diverges if 1 > 1

(iii) Test fails if | = 1



Example 11 Test the convergence of the following series:

)1+ +5+ 5 ()2, (L)"z (i) S, 5-n-(-0"

n+1

Solution: (i) Here u,, = nin

= lim (un)l/n = lim>=0<1
n—-oo

n-oon

Hence by Cauchy’s root test, the given series converges.

T n \" : 1 : n \"
(i) Hereu, = (E) = %Lrg(un) n —= 1]11_{210 (_)

n+1

n
. 1 1
= lim | — = -<1
n—oco 1+E e

Hence by Cauchy’s root test, the given series converges.

(iii) Here w,, = 57D = lim (w,,) /7 = lim 5~ M+ ED™/n
n—oo n—-oo
="

- lim5_{1+ n }:5—1

n—->oo

=-<1
5
Hence by Cauchy’s root test, the given series converges.

Example 12 Test the convergence of the following series:

22 2\7' /33 3\7? /4% 4\
(?‘I) +<F_E> +<§‘§> *

Solution: Here  u, = [(—



Hence by Cauchy’s root test, the given series converges.
Exercise 2B

Test the convergence of the following series:

o 2%
1. Zn=1n2+2 Ans. Convergent
n! .
2. Z;‘{’lezn—_l Ans. Divergent
o 1.2.3..n
3. Zn:1—7_10_m(3n+4) Ans. Convergent
4. 1+ Zi +§ + % Ans. Convergent
5 1 +§x +§x2 +%x3 +..... Ans. Convergentifx <1,
divergentifx > 1
o0 1
6. Zn:z—(logn)n Ans. Convergent
TLZ
7N —— Ans. Convergent
(n+3)
- 1\
8. Yoq (1 + \/—ﬁ) Ans. Convergent

0. 1+22—T + 33—:) +% +.....(p>0) Ans. Convergent

10.3%, /;:1 x™ (x > 0) Ans.Convergent if x < 1,

divergentifx > 1



4. Raabe’s Test

Let }:n—, u,be a positive term series such that

limn( Un —1)=l

now \Unty
Then (i) Yo-; u,converges if I> 1
(i0) Yopeq U, diverges if 1 <1
(iii) Test fails if 1 = 1
Example 13 Test the convergence of the following series:

2 3
Fon (i) 1T+ 2+ 25 4225 4 (x> 0)
7 7.10 7.10.13

N 2 24 246 2.4.6.8
(i) 2+224229
3 3.5 3.57 3.5.7.9

. . 2.4.6..2n 2.4.6..2n(2n+2
Solution:(i) Here u,, = ————=> u,;,, = (2n+2)
1.3.5...(2n+1) 1.3.5...2n+1)(2n+3)
Then lim %2* = [im 222 =
n-oc Up n-oo 2n+3

Hence Ratio test fails.

Now applying Raabe’s test, we have

Limn( o 1) = limn (2n+3 — 1)

n—-oo Un41 n—-oo 2n+2

. n 1
= lim ( ) ==-<1
n-oo \2n+1 2

Hence by Raabe’s test , the given series diverges.

3.6.9..3n
7.10.13...(3n+4)

n

(ii) Ignoring the first term,u,, =

3.6.9..3n(3n+3) n+1
7.10.13...(3n+4)(3n+7)

= Ups1 =

. . 3n+3
Then lim 2 = jm =

n-oco Up n-oo 3n+7

X=X



Hence by Ratio test , the given series converges if x < 1 and diverges
ifx>1

Test fails if x=1

U _ 3n+7

When x= 1,

Un+1 3n+3

= limn( o 1) = limn(3n+7— 1)

n—-oo Un+1 n-oo 3n+3

= lim n —f>1

nooo 3n+3 3

Hence by Raabe’s test, the given series converges if x = 1
= the given series converges if x <1 and diverges if x > 1.
4. Logarithmic Test

Let Y:m—; u,be a positive term series such that

. uTl
limn =
n=w - Upyq

Then (i) Yo-; u,converges if I> 1
(i) Yom=q u, divergesif 1< 1

Example 14 Test the convergence of the series

22x2 33x3  4txt

X+

2! 3! 4!
o B iy _ (n+1)"+1xn+1
Solution: Here u,, = 2 Un+1 = T ()
Then lim 2 = lim ()" x
n—ooo Up n-ooo (M+1)nm
— lim (n+1)"x
n—-oo n

= lim (1+%)nx =e.x

n—oo



Hence by Ratio test , the given series converges if ex < 1i.e.x < i

and diverges if ex > 1i.e.x >~
Test fails if ex= 1i.e.x = 1

Since =™ involves e .- applying logarithmic test.

Un
(7 1
= n
Up+1 (1 _|_l) x
n
u 1
~forx=-, ——=e.——=
Hntl (1+7)

n

U, 1 1
log( >=loge—log(1+a> =1—nlog(1+£)

un+1
1 1 1
=1-n(G-— ot )
n 2n2 3n3
1 1
2n  3n2

= limnlog( un)= limn(i—L +---):%<1

n—-oo Un+1 n—oo

=~ By logarithmic test, the series diverges for x = é .

|~

. . 1 .
Hence the given series converges for x < ” and diverges for x >

4

5. Cauchy’s Integral Test

If u(x) is non-negative , integrable and monotonically decreasing
function such thatu(n)=u,, , then if [ 1°° u(x) d(x) converges then the
series Y., u,also converges.



Example 15 Test the convergence of the following series

0D B (1) D

n(logn)

Solution:(i) Here u,, = —

Let u(x) =

2+1

Clearly u(x) is non-negative , integrable and monotonically decreasing
function.

. o 1 —1 .70
Consider [,” —— = [tan™'x]]
= tan"loo — tan~11
=2 _Z _ T \which is finite.
2 4 4
Hence floo also converges.
(i) Here u,, = (g
Let u(x) = :
o x(logx)

Clearly u(x) is non-negative , integrable and monotonically decreasing
function.

ConS|der

= log(logx) — log (log2) = o

Hence Yo 2—

milos diverges.



Exercise 2C

Test the convergence of the following series:

2.4.6...2n+2)

LxneleitTe) n-1
3.5.7......(2n+3)x (x > 0)

1 Y=

Ans. Convergent if x < 1, divergentifx > 1

(2nh
2. B X" (x> 0)

[y

Ans. Convergent if x < %, divergentif x > -

IS

3. Zn 1 n2+n

Ans. Convergent
1.3.5...(2n-1) et
4, ¥ 1 e o X (x> 0)
Ans. Convergent if x < 1, divergentifx > 1
5. x? 4 Lyt 428 6 2HG 5,
3.4 3.4.5.6 3.4.5.6.7.8
Ans. Convergent if |x| < 1, divergentif |x| > 1
21x2  3I1x3  4lx*

6. L+ + -+t

32 43 54

Ans, Convergent if x <e, divergentifx > e.
7. Y= n(logn)2
Ans. Convergent
2.4 Alternating Series
An infinite series of the formu; —u, +ug —uy + - (u; > 0V i)

is called an infinite series.

We write u; — Uy +us —uy + - = 22, (=1)" 1u



Leibnitz’s Test

The alternating series Y5, (—1)™ u,, converges if it satisfies the
following conditions:

(D) uns1 S uy
(i) lim,,, u, =0
Example 16 Test the convergence of the following series
. 1 1 1 .
(')1_E+§_Z+"' iNl1-=+=—-—=+--
Solution: (i) The given series is Yoo, (—1)"1 % Here u, = %
. 1 1
Since — <5 * Unu <u,

: .1
Also lim,,_,, u, = llm; =0

n—oo

Hence by Leibnitz’s test , the given series converges.

(ii) The given series is Yoo, (—1)""1 ni . Hereu, = ni

2 2

1
<—=usu <u
(n+1)2 n2 n+1 n

Since

: .1
Also lim,,_,,, u,, = hmﬁ =0

n—->oo

Hence by Leibnitz’s test , the given series converges.
Absolute Convergence

A series Yo, u, is absolutely convergent if the series Yo, |u,| is
convergent.
1 1 1 .
Forexample Y>>, u, =1 — Sta—mtis absolutely convergent
1 1 1 . . . .
as Yo qlu,l =1+ 5+ 5+ 5+ isaconvergent series (Since itisa

. . . 1
geometric series whose common ratio > <1 )



Result: Every absolutely convergent series is convergent. But the
converse may not be true.

Conditional Convergence

A series which is convergent but not absolutely convergent is called
conditionally convergent series.

Example 17 Test the convergence and absolute convergence of the
following series:

. 1 1 1 .. 1 1 1
(I)1—5+g—z+"' (II)1—2—2+3—2—4—2+“'

(iii)) 2o, (— 1) ——

logn
Solution: (i) The given series Z;‘{;l(—l)”‘l% is convergent by

Leibnitz’s test.

Now, Yo_qlun| =1+ % + g + i 4= fo=1% is not convergent
(As p=1)

Hence the given series is not absolutely convergent. This is an example
of conditionally convergent series.

(ii) The given series Y00, (—1)"1 % is convergent by Leibnitz’s test.

Also, Yo ilu,l =1+ 212 + 312 + 412 + = Z;‘{;ln—lz is convergent
(Asp=2>1)
Hence the given series is absolutely convergent.
(iii)The given series Yo, (—1)™ "t u,,

Here u,, = ﬁ . Now log x is an increasing function vx > 0

~log(n + 2) > log(n + 1)

1 1
or
log(n+2) log(n+1)




“ Unsq < Un

=0

Also lim,,_,,, u,, = lim oo n

n—->oo

Hence by Leibnitz’s test , the given series is convergent.

. 1
Now for absolute convergence , consider Yo, |u,| =Y

logn
It is a divergent series (as discussed earlier).

Hence the given series is not absolutely convergent. This is an example
of conditionally convergent series.

Example 18 Test the convergence of the series:

DI (D" o+ =] (- —

nZ = (n+1)2

Solution:(i) The given series is Yo, (—1)" 1 u,

. 0 [e%) 1 1 _
Consider X7 |un| = X34 [ﬁ + (n+1)2]

1 1 1 1 2
Now, =+ oy <mtn=n

Since X5y %is convergent (As p = 2 > 1) . by Comparision test
> |u,| is also convergent.

Hence the given series is absolutely convergent and so convergent.

(ii) The given series is Yoo, (—1)" 1,

. 1
Consider ¥ un| = Xn: —

1
Here |u,| = —

n2m
(n+1)2n+1

Un+1 1
z =E<1

Now lim,,_,, = lim,, |

n



=~ by Ratio test ), |u, | is convergent or the given series is absolutely
convergent and hence convergent.

Example 19 Find the values of x for which the series

3
X — x— + + - is absolutely convergent and conditionally
convergent.
Solution: The given series is Y%, (—1)"~ 1" =y (-1 1u,

2n—-1

Then |u,| = |5

2n—1

x2n+1 2n—-1

2n41 " x2n-1

_ 1
x2

Un+1

Now, lim,,_,

n—->oo

Un

Thus , by Ratio test Yo, |u,,| converges if x? < 1i.e.|x| <1,
diverges if x2 > 1i.e.|x| > 1 and test fails if |x]| = 1

When |x| = 1i.e.x = 1 or x = —1, we have
Forx =1,

the given seriesis 1 — g + g - % + -+, which is convergent by Leibnitz’s
test but not absolutely convergent.

Forx =-1,

the given series is —1 + g - i + % + -+, which is also convergent by
Leibnitz’s test but not absolutely convergent.

Hence the given series is absolutely convergent for |x| < 1 or
—1 < x < 1 and conditionally convergent for|x| = 1i.e.

x=1or—1.



Exercise 2D

2 2
1. Show that the series 1 — (24? + (36!') — ---IS convergent.
3 5
2. Show that the series x — Z_. + ’;—, — ---is absolutely convergent.

3. Test the convergence and absolute convergence of the series

1 1 1
1——4+————..
23 225 237

Ans. Absolutely convergent
4. Show that the series Yo, (—1)" 1 ﬁ is conditionally

convergent.
5. Test the absolute convergence of the series

Sy (D" (ViZF 1 - n)

Ans. Not absolutely convergent

sinx sin 2x sin 3x

6. Show that the series —= — —— + —— — --- converges
1 2 3

absolutely.

2 3 4
7. Find the interval of convergence of the series x — = + = — = ...

V2 V3 4
Ans.0<x <1

2.5 EXPANSION OF FUNCTIONS

Taylor Series:

If a function f(x) is infinitely differentiable at the point a then f(x) can
be expanded about the point ‘a’ as

fG) =f@ + @ -a)f' @+ @) + S (0) + o+
T fm(a) ...

n

Also f(a + h), where h is small, can be expanded as

fla+h) =f@)+hf' @+ f"@+L @)+ +
hn



Malaurin Series:

It is the special case of Taylor series about the point O . Hence the

Maclaurin series of f(x) is

fG) = £0) +xf"(0) + S f7(0) + 5 £7(0) 4 -+
ZFO0) +.....

Maclaurin series of standard functions:

x3 x5 X7
l. sihx=x——+—-—=—+"
3l 51 71
x*  x®
cosx—l——+—'——+

x3
f=l4x+ T4l
bﬂ1+ﬂ=x—7+?—7+mJﬂ<1
log(l—x)=—-—x-=-2_-Z ..

o o o~ W N

(L +20)™ =1+ mx + =22
3!

Example20 Expand e*cos x by Maclaurin series.

Solution : By Maclaurin’s expansion , we have

f(x) = £(0)+xf'(0) + ’;—Tf”(O) + ’;—ff”(O) + o

Here f(x) = e*cos x
Now f(0) = e%cos 0 =1
f'(x) = e*cos x — e*sin x
= f'(0) = e%o0s 0 —e’sin0 =1
f"(x) =e*cosx —e*sinx —e*sinx —e*cos x
= —2e*sinx

= f""(0) = —2e%in0 =0

m(m-1)(m-2) 3 4o

@



f'""(x) = —2e*cos x — 2e*sin x
= f'""(0) = —2e°%o0s 0 — 2e%sin 0 = -2
Similarly f*(0) = —1 and so on .

Putting these values in O, we get

2X
e*cosx=1+x

Example21 Expand tan x in powers of (x — %) upto forst four terms.
Solution: By Taylor’s expansion , we have
’ (x—a)? 17 (x—a)3 17
f@) =f@+&-af'@+——f"@+——f"(@+..0
Here f(x) = tanx and a = %
s A
NOWf(Z) = tanz =1
f'(x) = sec?x
Ty _ 2T
= f (Z)—sec 4—2
f"(x) = 2sec*x tan x

= f" G) = 2sec ? G) tan (E) =4

4

f""(x) = 2sec *x + 4 tan®*xsec*x
mr (T _
= f (4) =16

Putting these values in D, we get

tanx:1+2(x_%)+2(x_%)2+§(x_2)3



2 4
Example22 Show that log sec x = % + ’;—2 + .-
Solution: By Maclaurin’s expansion , we have

FG) = F0) +xf'(0) + 2 f"(0) + X £7(0) + ... D

Here f(x) = log secx

Now f(0) =0
f'(x) = tanx
= f'(0)=0
f"(x) = sec’x = 1+ tan®x
= £7(0) = 1

f""(x) = 2secx secx tanx
= f""(0) =0
Similarly £*(0) = 2 and so on .
Putting these values in D, we get

x?  x*
log secx =—+—=+--
2 12

2 3
Example 23 Show that sin G + 9) = \%(1 +o-2_ 93—' + )

Solution: By Taylor’s expansion , we have
fla+h) = f@+hf' @+ f"(@) + 2 (@) + ... D
Here f(x) = sinx, a = %and h=26
So @D becomes

2 3
sin(a + h) = sin(a) + h cos a + % (—sina) + % (—cosa) + -



; . 62 . 63
or sin (E + 9) = sin (E) + 6Ocos =+ —(—sm E) + —(—cos E) + -
4 4 4 2! 4 3! 4

or sin(%+9)=%(1+9—§—93—j+---)

Example 24 Estimate the value of v/10 correct to four places of
decimal.

Solution: Let f(x) = vVx

By Taylor’s theorem, we have

fla+h) =f(@)+hf' @+ f"(@) +L (@) +

> (a+h)2=a"l2+ h(ixl/Z) +h—2(d—2x1/2) +
dx at x=a 2! \dx? at x=a

h? (a4 1/)

" (dx3x 2 atx=a+ ...@

Taking a=9andh=1in D, we get

N ECCIRA T
31\ 222 at x=9
=34+ ———+
23 827

=3.1623(approx.)
2.6 Approximate Error

Let y be a function of x i.e. y=f(x). If 6x is a small change in x then the
resulting change in y is denoted by 8y and is given by

y = Z—Z(Sx approximately.

Example 25 Find the change in the total surface area of a right circular
cone when

(i) the radius is constant but there is a small change in the altitude



(i1) the altitude is constant but there is a small change in the radius.

Solution: Let the radius of the base be r, altitude be h and the change in
the altitude be the radius is constant but there is a small change in the
altitude 6h.

Let S be the total surface area of the cone , then
S=nr?+nrvr? + h?

(1)If altitude changes then 6S = gdh

as nr 2 1/ nirh
Now, = =0+ (r? + h?) V2.2h = S
das nrh .
. 0S = ECWL = WS}I apprOXImater.

(if) f radius changes then 65 = =67

as N ) — n@2r?+h?)
NOW —27Tr+7rr + h +\/_h 2nr + Ny

(2r%+h?)

. 8S —Sr = 2mr + = =—="6r approximately.

Example 26 If a, b, c are the sides of the triangle ABC and S is the
semi- perimeter , show that if there is a small error 6cin the
measurement of side ¢ then the error §A in the area A of the triangle is
given by

SA=2(s+=+=+—)bc

(a+b+c)

Solution: We know that S =
and A?=S(S —a)(S—b)(S—0¢)
or 2logA=log S + log(S — a) + log(S — b) +log (S — ¢)

On differentiating both the sides w.r.t. ¢ , we get



ZdA_ldS+ 1 d(S—a)+ 1 d(S—b)+ 1 d(S—rc)
Adc Sdc S—a dc S—b dc S—c dc

11,1 1 1 (1_ )
Ts2 ' 2(5-a) | 2(s-b) ' (S-c) \2

dA A1 1 1 1
dc 4 (E S-a) t (S—b) + (S—c))

daa A (1 1 1 1
=0A=-""oc= 7 (E + (S—-a) + (S—b) + (S—c)) dc

Example 27 If T = 2@ (l/g> find the error in T corresponding to 2%
error in | where g is constant.
Solution: Error in T is given by 6T = %61

daT 2T 1 T 1

ST _ m 8l Jg _ 18l

T Jgi2myl

=>5T—T.100 =12 100

21

As—.100=2 - ST—T. 100 =1 HenceerrorinT is 2%.

Exercise 2E

1. Expand tan~x in powers of (x-1).
-1 = e Y 12 (v —1)3 4 ...
Ans. tan x—4+2(x 1) 4(x 1) +12(x 1)° +
2. Using Taylor’s theorem find the approximate value of f (ﬁ)
where f(x) = x* 4+ 3% + 15x — 10
Ans. 11.461

2 3 4
3. Show that log(1 + sinx) = x — x? + % - 316_2 + e



10
—x*+ ---and

. Show that tan (E+x) =14 2x + 2x? +§x3 +
4 3 3

hence find tan 46°

Ans. 1.0355

. A soap bubble of radius 2cm shrinks to radius 1.9 cm. Finf the
decrease in volume and surface area.

Ans. -5.024 cm®and -.5.024cm?
. Iflogp4 = 0.6021 , find the approximate value of log,4404.
Ans. 2.61205

. Let A, B and C be the angles of a triangle opposite to the sides
a ,b and c respectively. If small errors éa, b and §care made in

the sides then show that 54 = % (8a — 8b cosC — 8¢ cosB)
where A is the area of the triangle.






